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Abstract. Using the classification of finite simple groups, we prove Alperin's weight conjecture 
and the character theoretic version of Broue's abelian defect conjecture for 2-blocks of finite 
groups with an elementary abelian defect group of order 8. 



1. Introduction 

Throughout this paper p is a prime and O a complete discrete valuation ring having an alge- 
braically closed residue field k of characteristic p and a quotient field K of characteristic 0, which is 
always assumed to be large enough for the finite groups under consideration. For G a finite group, 
a block of OG or kG is a primitive idempotent b in Z{OG) or Z{kG), respectively. The canonical 
map OG — >■ kG induces a defect group preserving bijection between the sets of blocks of OG and 
kG. By Brauer's First Main Theorem there is a canonical bijection between the set of blocks of kG 
with a fixed defect group P and the set of blocks of kNa{P) with P as a defect group. Alperin's 
weight conjecture predicts that the number €(6) of isomorphism classes of simple fcCfc-modules is 
an invariant of the local structure of b. For b a block of kG with an abelian defect group P, de- 
noting by c the block of kNc^P) corresponding to &, Alperin's weight conjecture holds if and only 
if the block algebras of b and c have the same number of isomorphism classes of simple modules, 
or equivalently, the same number of ordinary irreducible characters. Thus, for blocks with abelian 
defect groups, Alperin's weight conjecture would be implied by any of the versions of Broue's 
Abelian Defect Conjecture, predicting that there should be a perfect isometry, or isotypy, or even 
a (splendid) derived equivalence between the block algebras, over O, of b and c. Alperin announced 
the weight conjecture in p]. At that time, the conjecture was known to hold for all blocks of finite 
groups with cyclic defect groups (by work of Brauer and Dade), dihedral, generalised quaternion, 
semidihedral defect groups (by work of Brauer and Olsson) , and all defect groups admitting only 
the trivial fusion system (by the work of Broue and Puig on nilpotent blocks). Since then many 
authors have contributed to proving Alperin's weight conjecture for various classes of finite groups 
- such as finite p-solvable groups (Okuyama), finite groups of Lie type in defining characteristic 
(Cabanes), symmetric and general linear groups (Alperin, Fong, An) and some sporadic simple 
groups (An). 

Theorem 1.1. Suppose p = 2. Let G be a finite group and let b be a block ofkG with an elementary 
abelian defect group P of order 8. Denote by c the block of kNo^P) corresponding to b. Then b and 
c have eight ordinary irreducible characters and there is an isotypy between b and c; in particular, 
Alperin's weight conjecture holds for all blocks of finite groups with an elementary abelian defect 
group P of order 8. 
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For principal blocks, Theorem 11.11 follows from work of Landrock 48J and Fong and Harris |34j . 
Theorem 11.11 implies Alperin's weight conjecture for all blocks with a defect group of order at most 
8. Indeed, the groups C'2, C4, Cs and C2 x C4 admit no automorphisms of odd order, hence arise as 
defect groups only of nilpotent blocks, and by work of Brauer [10], [11] and Olsson [62j, Alperin's 
weight conjecture is known in the case of C2 x C2, Ds and Qs- Using a stable equivalence due 
to Rouquier we show in Theorem 15.11 that for blocks with an elementary abelian defect group of 
order 8 Alperin's weight conjecture implies Broue's isotypy conjecture. 

The proof of Thcorcm l 1 . 1 1 uses the classification of finite simple groups. By the work of Landrock 
already mentioned, Alperin's weight conjecture holds for blocks with an elementary abelian defect 
group of order 8 if and only if all irreducible characters in the block have height zero (this is the 'if 
part of Brauer's height zero conjecture, which predicts that all characters in a block have height 
zero if and only if the defect groups are abelian). This part of Brauer's height zero conjecture has 
been reduced to quasi-simple finite groups by Berger and Knorr [5 ; we verify in Theorem 14. 1 1 that 
this reduction works within the realm of blocks with an elementary abelian defect group of order at 
most 8 and certain fusion patterns. We finally prove Alperin's weight conjecture for blocks with an 
elementary abelian defect group of order 8 for quasi-simple groups in the remaining sections. For 
certain classes, such as central extensions of alternating groups, sporadic groups or finite groups of 
Lie type defined over a field of characteristic 2, this is a simple inspection (based on calculations 
and well-known results by many authors) and yields results for higher rank defect groups as well: 

Theorem 1.2. Suppose p — 2. Let G be a quasi-simple finite group such that Z{G) has odd order. 

(i) If G IZ(G) is isomorphic to an alternating group An, n > 5, then kG has no block with an 
elementary abelian defect group of order 2*", where r > 3. 

(ii) If G/Z{G) is a sporadic simple group or a finite group of Lie type defined over a field of 
characteristic 2 and if kG has a block b with an elementary abelian defect group of order 2^, where 
r > 3, then either b is the principal block of PSL2(2'') or r = 3 and b is the principal block of Ji, 
or b is a non-principal block ofCo^, and Alperin's weight conjecture holds in these cases. 

This follows from combining 16. 3[ 18. 1[ 18.21 and 19.11 below. Before embarking on the verification 
for finite groups of Lie type defined over a field of odd characteristic, we need further background 
material on these groups and their local structure, collected in the sections ^T0\ fTTl Assembling 
these parts yields the proof of 11.11 in fj20l It is noticeable how few blocks of quasi-simple groups 
have an elementary abelian defect group - and when they do, many of them are nilpotent: 

Theorem 1.3. Suppose p — 2. Let q be an odd prime power and G a finite quasi-simple group. 
Suppose that Z(G) has odd order. 

(i) If G/Z{G) is a simple group of Lie type An{q) or '^A{q) and if b is a block of kG with an 
elementary abelian defect group of order 2"^ for some r > 3 then r is even and b satisfies Alperin's 
weight conjecture. 

(ii) IfG/Z{G) is a simple group of Lie type _B„(q), Cn{q), Dnil) then every block of kG with an 
elementary abelian defect group of order 2*" for some integer r > 3 is nilpotent. 

(Hi) If G/Z(G) is simple of type G2{q) or '^Di{q) then kG has no block with an elementary abelian 
defect group of order 2^ , where r > 3. 

(iv) IfG/Z{G) is simple of type '^G2{q) and ifb is a block of kG with an elementary abelian defect 
group of order 2^, where r > 3, then r — S and b is the principal block of ^G2{q) , and Alperin's 
weight conjecture holds in this case. 
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This follows from combining Corollary I10.2[ the Theorems 112. 1[[l3.1[ 114. Il and the Propositions 
115. 1[ [TOl ll5.3l below. Note the absence of the exceptional types F and E in the above result - we 
do not know whether these groups actually have blocks with elementary abelian defect groups of 
order 8. What we show is that if they do then these blocks satisfy Alperin's weight conjecture. At 
present there seems to be no general reduction for blocks with elementary abelian defect groups of 
order 2^ for r > 4, but the above results for quasi-simple groups would allow us to settle Alperin's 
weight conjecture in infinitely many cases if we did have a satisfactory reduction. More precisely, 
using the above results and the fact (see [321 Corollary] ) that the 2-rank of exceptional finite simple 
groups of Lie type in odd characteristic is at most 9 we obtain the following. 

Corollary 1.4. Suppose p — 2. Let be G a finite quasi-simple group such that Z{G) has odd order. 
Every block of kG with an elementary abelian defect group of order 2"^ for some integer r > 10 
satisfies Alperin's weight conjecture. 

2. Reduction techniques 

For general background on block theory we refer to [73] • Given a finite group G and a block 
b of OG or of kG, we denote by Irrif(G,6) the set of ordinary irreducible K-valued characters 
of G associated with b and by Irr^ (G, b) the set of irreducible Brauer characters of G associated 
with b. We set i{b) = |Irrfc(G, &)|. We denote by ZIrrif(G, 6) the group of class functions on G 
generated by Irr i<-(G, 6), and by ZIrrfc(G, 6) the corresponding group of class functions on the set 
of p-regular elements in G. By a classical result of Brauer, the decomposition map ZIrr/f (G, b) — >■ 
ZIrrfc(G, b) induced by restriction of class functions to p- regular elements is surjective. The kernel 
of the decomposition map, denoted by L^{G,b), consists of all class functions associated with 
b which vanish on the set of p-regular elements of G, or equivalently, all generalised characters 
in ZIrrif(G, 6) which are perpendicular to the characters of the projective indecomposable OG- 
modules associated with b. We write L^{G) instead of L^{G, 1) if OG is indecomposable as an 
0-algebra. We denote by G„ a cyclic group of order n. For G a finite group and a G H'^{G; k^) 
we denote by k^G the twisted group algebra which is equal to kG as a fc-vector space, endowed 
with the bilinear multiplication x ■ y = a{x,y){xy), for x, y € G, where a denotes abusively a 
2-cocycle representing the class a (and one verifies that this construction is, up to isomorphism, 
independent of the choice of this 2-cocycle). If 6 is a block of kG with a defect group P and if c 
is the corresponding block of kNc{P) then c is a sum of A'^G(P)-conjugate block idempotents of 
kCciP)', for any choice e of such a block idempotent of kGciP) the group E — Ng{P, e) / PGg{P) 
is called the inertial quotient of b. This is a p'-subgroup of the outer automorphism group of 
P, unique up to conjugacy by an element in Ng{P), hence lifts uniquely, up to conjugacy, to a 
p'-subgroup of Aut(P), still abusively denoted E and called inertial quotient. By there is a S 
H^{E\ k^ ) such that kNG{P)c is Morita equivalent to the twisted group algebra ka{P x E), where 
a is extended trivially from E to P >} E. We review some of the standard reduction techniques 
due to Dade, Fong, Kiilshammer, Puig, Reynolds. The reduction techniques work irrespective of 
the characteristic, so for now, p is an arbitrary prime. 

Proposition 2.1 (Fong- Reynolds reduction [33], [67]). Let G be a finite group, N a normal 
subgroup of G, c a G-stable block of kN and b a block of kG such that be = b. Let P be a defect 
group of b. If P D N — 1 then kNc is a block of defect zero and we have a canonical isomorphism 



kGc^kNc®k ka{G/N) 
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for some a £ H'^{G/N;k^) such that kGb is Morita equivalent to a block b of a finite central 
p' -extension of G/N via a bimodule with diagonal vertex AP and endo-permutation source. 

See for instance [40, 4.4] for an explicit description of this isomorphism. The previous result has 
been generalised by Kiilshammer as follows: 

Proposition 2.2 (Kiilshammer '46', Proposition 5, Theorem 7]). Let G be a finite group, N a 
normal subgroup of G, c a G-stable block of kN and b a block of kG such that be — b. Suppose that 
for any x € G conjugation by x induces an inner automorphism of kNc. Then there is a canonical 
isomorphism 

kGc^kNc ®z(kNc) Z{kNc)a[G/N) 
for some a £ H'^{G/N; {Z{kNc))^). Moreover, if N contains a defect group P ofb then the blocks 
kGb and kNc are source algebra equivalent. 

As before, this isomorphism can be described explicitly; see e.g. |24| 2.1]. 

Proposition 2.3 (Dade [25l 3.5, 7.7]). Let G be a finite group, N a normal subgroup of G, c a 
G-stable block of kN and b a block of kG such that be = b. Suppose that no element x G G — N 
acts as inner automorphism on kNc. Then b — c and G/N has order prime to p. 

Proposition 2.4 (Puig 4.3]). Let G be a finite group, N a normal subgroup of G , c a G-stable 
block of kN and b a block of kG such that be = b. Suppose that b is nilpotent. Then the block 
algebra of c is Morita equivalent to its Brauer correspondent via a Morita equivalence induced by 
a bimodule with endo-permutation source; in particular, c satisfies Alperin's weight conjecture. 

3. Background material on blocks with defect group C2 x C2 x G2 

We assume from now on that p — 2. Let P = C2 x C2 x C2 be an elementary abelian group of 
order 8. The order of GL3(2) is 8 • 21, from which one easily deduces that a non-trivial subgroup 
E of Aut(P) of odd order has either order 3 or 7, or is a Frobenius group of order 21. In all cases, 
E has a trivial Schur multiplier, and hence any block with a normal defect group P has as source 
algebra k{P x E). What is unusual in this case is that the number of characters at the local level 
does not depend on fusion (this is well-known; we include a sketch of a proof for the convenience 
of the reader): 

Proposition 3.1. Let P be an elementary abelian group of order 8 and E a subgroup 0/ Aut(P) 
of odd order. The group P 'A E has 8 ordinary irreducible characters. 

Proof. This is trivial if _B = 1. Suppose that \E\ — 3. Then E fixes an involution in P, hence 
P X = C2 X (14 X C3), from which the statement follows. If \E\ = 7 then P x is a Frobenius 
group with E acting transitively on the involutions in P, which implies the result. The only 
remaining case is where E is a, Frobenius group C7 x C3. In that case, E has 5 characters, three of 
degree 1 with C7 in the kernel, and two more of degree 3 corresponding to the non-trivial Ca-orbits 
in the character group of Cj. Using the fact that the degrees of irreducible characters oi P x E 
divide \E\ and that the square of their degrees sums up to |P x P| = 168 one finds that there are 
three further irreducible characters of degree 7. □ 

Landrock showed the inequality ^(6) < 8 of Alperin's weight conjecture for 2-blocks b with an 
elementary abelian defect group P of order 8 without the classification of finite simple groups. 
Landrock's results are more precise in that they also include information about defects and heights 
of characters; we briefly recall these notions. Given a block b of OG or of kG with a defect group 
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P of order p'', the defect of a character x in the set Ittk{G, b) of irreducible valued characters 
associated with b is the integer d{x) such that 

pdix) is 

the largest power of p dividing the rational 
integer -j^. It is well-known that d{x) < d; the integer h{x) = d — d{x) is called the height 
of X- There is always at least one character in Irr/f(G, 5) having height zero, and it has been 
conjectured by Brauer that P is abelian if and only if all characters in Irrx(G, b) have height zero. 
The following summary of some of Landrock's results in [48] implies in particular that Alperin's 
weight conjecture holds for blocks with an elementary abelian defect group of order 8 if and only 
if all characters in those blocks have height zero. 

Proposition 3.2 (Landrock, [48, 2.1, 2.2, 2.3]). Let G be a finite group and b a block of kG 
with an elementary abelian defect group P of order 8 and inertial quotient E < Aut(P). Then 
5 < jlrr/f (G, 6)1 < 8. // |Irr/f(G, 6)| = 8 then all characters in liTx{G,b) have height zero. If 
|Irrjf(G, 6)1 < 8 then exactly four characters in Irrx(G, 6) have height zero, the remaining charac- 
ters have height one, and £{b) = 4. Moreover, the following hold. 

(i) IfE has order 1 then |IrrK(G,6)| = 8 and i{b) = 1. 

(ii) If E has order 3 then |Irrif(G, 6)| — 8 and £{b) = 3. 

(Hi) IfE has order 7 then either |IrrK(G,6)| = 5, £{b) = A or |IrrK(G,6)| = 8, £{b) = 7. 
(iv) IfE has order 21 then either |IrrK(G,6)| = 7, £{b) ^ A or |IrrK(G,6)| = 8, £{b) = 5. 

Besides Landrock's original proof it is also possible to prove this as a consequence of stronger 
results obtained later: the case \E\ = 1 is a particular case of nilpotent blocks [17], the case \E\ = 3 
follows from Watanabe [761 Theorem 1]. In the case \E\ = 7, the group E acts regularly on P — {1}, 
and by a result of Puig in [64] there is a stable equivalence of Morita type (cf. [15, §5]) between OGb 
and 0{P X E). Any such stable equivalence induces an isometry L°{G,b) = L°(P x E) between 
the generalised character groups which vanish on p-regular elements; in this case, these groups 
have rank one and are generated by an element of norm 8, whence the inequality \1ttk{G, 6)| < 8. 
If \E\ — 21 then there is again a stable equivalence of Morita type, by a result of Rouquier in [7l] . 
Again by calculating a basis of L°(P yi E) - which in this case has rank 3 with a basis consisting 
of three elements of norm four, one also gets this inequality. See for instance [IS] for an exposition 
of the well-known technique exploiting partial isometrics induced by stable equivalences of Morita 
type; this will be used in the proof of Theorem 1 5. II The following observation is a slight refinement 
of Proposition I3.2f iii) in the case where the inertial quotient has order 7 and |Irr/f(G, 5)| < 8. 

Proposition 3.3. Let G be a finite group, b a block of kG with an elementary abelian defect group 
P of order 8 and inertial quotient E of order 7. Suppose that b does not satisfy Alperin's weight 
conjecture. Then there is a labelling Irr/f(G,6) — {xi \ 1 < « < 5} with the following properties: 

(i) Xi has height one and Xi has height zero, for 2 < i < 5. 

(ii) The group L'^{G, b) has rank 1 and a basis element of the form 2xi — Y^^=2 ^iXi foT some signs 
Si G {±1}, 2 < i < 5; moreover, at least one of the 6i is positive. 

(iii) Ifi,j e {2,3,4,5} such that Xi{^) — Xj(l) then Si — Sj. 

Proof. Statement (i) is just a reformulation of 13.21 (iii). Using Puig's stable equivalence of Morita 
type 64, 6.8] we get that L'~'{G,b) = L'^{P xi E), which is a free abelian group of rank one with 
a basis element of norm 8. The only way to write a norm 8 element in L^(G,b) with less than 
8 characters is with five characters, exactly one of which shows up with multiplicity 2, and then 
this character must have height one, as follows from comparing character degrees in conjunction 
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with the fact that every generahsed character in L^{G, b) vanishes at 1. The signs Si cannot all be 
negative because the group L^{G, b) does not contain any actual non-zero character (again because 
its elements vanish at 1). This proves (ii). If i,j G {2,3,4,5} then SiXi — SjXj is orthogonal to 
L'^{G,b), hence a generalised projective character. In particular, at 1, its value is divisible by the 
order of a Sylow 2-subgroup of G. But if Xi{l) = Xj(l) ^^'^ ^jj this value is ±2x^(1), which 
cannot be divisible by the order of a Sylow 2-subgroup of G as Xi has height zero. The result 
follows. □ 

It is not known in general whether a Morita equivalence between two block algebras preserves 
their local structures, but some easy standard block theoretic arguments show that this is true, 
even for stable equivalences of Morita type, if one of the two blocks has an elementary abelian 
defect group of order 8. 

Proposition 3.4. Let G, H be finite groups, b a block of kG with an elementary abelian defect 
group P of order 8 and c a block of kH with a defect group Q. If there is a stable equivalence of 
Morita type between kGb and kHc then Q = P and the blocks b and c have isomorphic inertial 
quotients (or equivalently, isomorphic fusion systems). 

Proof. A stable equivalence of Morita type preserves the largest elementary divisors of the Cartan 
matrices of the blocks, and these are equal to the orders of the defect groups, whence \Q\ = \P\. 
A stable equivalence of Morita type preserves also the complexity (cf. 5.3.4]) of modules; since 
the largest complexity of a module in a block is the rank of a defect group, we get that Q has 
rank 3, and thus Q = P. Alternatively, a stable equivalence of Morita type preserves the KruU 
dimension of the Hochschild cohomology rings, which are also known to be equal to the ranks of the 
defect groups. (This part of the argument is well-known to remain valid for blocks with arbitrary 
elementary abelian defect groups, but we do not need this here.) Finally, a stable equivalence of 
Morita type preserves the rank of L°(G, 6), which is equal to |Irrif(G, 6)| — ^(6), or also equal to 
e ) where (u, e„) runs over a set of representatives of the conjugacy classes of non-trivial 

(G, 6)-Brauer elements. It happens so that this number determines the structure of the inertial 
quotient E of b. Indeed, by Proposition [321 this number is equal to 7 if and only if \E\ = 1, equal 
to 5 if and only if \E\ = 3, equal to 1 if and only if \E\ = 7, and equal to 3 if and only if \E\ = 21, 
whence the result. □ 

When dealing with the exceptional groups of type E'j{q) we will need a refinement of the 
preceding result because the finite group of Lie type Ei^q) is a central extension of the simple 
group of type E-j(q) by an involution, and so Bonnafe-Rouquier's Jordan decomposition ^ §11, 
Theoreme B'] will have to be applied to blocks with a defect group of order 2^. 

Proposition 3.5. Let G, H be finite groups, b a block of G with a defect group P and c a block of 
H with a defect group Q. Suppose that there are central involutions s e Z{G) and t S Z{H) such 
that P/{s) is elementary abelian of order 8. Denote by b and c the images of b and c in kG/{s) 
and kH/{t), respectively. Suppose that the block algebras kGb and kHc are Morita equivalent. If 
b does not satisfy Alperin's weight conjecture then neither does c and the defect groups of c are 
elementary abelian of order 8. 

Proof. Suppose that b does not satisfy Alperin's weight conjecture. Since the defect group P/ (s) 
of b is elementary abelian of order 8 we have £(b) = 4 by Proposition 13.21 Using that the number 
of isomorphism classes of simple modules is invariant under central 2-extensions and Morita equiv- 
alences we get that £{c) = 4. Note that P and Q have the same order since b and c are Morita 
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equivalent, and hence c has a defect group R~Q/{t)oi order 8. If R is cycHc or abehan of rank 2 
or isomorphic to one of the non-abehan groups of order 8 then then ^{c) e {1,3}, a contradiction. 
So, R is elementary abelian. Now it is immediate from Proposition 13.21 that c does not satisfy the 
weight conjecture. □ 

Remark 3.6. Experts seem to agree that the Morita equivalences from Bonnafe-Rouquier's Jordan 
decomposition [51 §10, §11] should preserve the local structure of the blocks, but at present there 
is no written reference for this fact. The two propositions 13.41 and 13.51 circumvent this issue by 
adhoc methods. 



4. Reduction to quasi-simple groups 

The part of Brauer's height zero conjecture predicting that all characters in a block with an 
abelian defect group have height zero has been reduced to blocks of quasi-simple finite groups in 
work of Berger and Knorr [5] . We need to make sure that in the reduction we can indeed restrict 
the problem to checking only defect groups of order at most 8; this is not entirely obvious since 
in Step 6 of the proof of 5, Theorem] the order of the defect group may possibly go up, an issue 
which arises also in the alternative proof given by Murai in |581 §6] . 

Theorem 4.1. Let G he a finite group andb a block ofkG with an elementary abelian defect group 
P of order 8. Suppose that \G/Z(G)\ is minimal such that \liTK{G,b)\ < 8. Then Z{G) has odd 
order and G/Z{G) is simple. If moreover we also choose \Z{G)\ minimal then G is quasi-simple. 
In addition, the inertial quotient of b is either cyclic of order 7 or a Frobenius group of order 21. 

Proof. If |^(G')| is even then P n Z{G) is non-trivial, hence contains a subgroup Z of order 2. 
The image 6 of 6 in kG/Z is then a block of kG/Z with a Klein four defect group P/Z. Thus, 
since b satisfies Alperin's weight conjecture, so does 6, a contradiction to the assumption. Thus 
Z{G) has odd order. Let {P, e) be a maximal (G, &)-Brauer pair and set E — Ng{P, e)/GG{P). By 
ProDOsition l3.2[ the order of E is either 7 or 21. In both cases, E acts transitively on P — {1}. Thus, 
if iV is a normal subgroup of G then either N H P = {1} or P < N. Moreover, the minimality of 
\G/Z{G) \ implies that if is a normal subgroup of G containing Z{G) then there is a unique block 
c of kN covered by b; that is, be = b. Let now A^ be a maximal normal subgroup of G containing 
Z{G) and let c be the block of kN satisfying be = b. Consider first the case P D N = {1}. In that 
case, by Proposition [^Hl we have an isomorphism 

kGc^kNc (8)fe ka{G/N) 

for some a E Il'^{G/N:k^) such that kGb is Morita equivalent to a block 6 of a finite central 
2'-extension H of the simple group G/N. Consider next the case P < N. Let G[c] be the subgroup 
of G consisting of all a; G G such that conjugation by x induces an inner automorphism of kNc. 
Since A^ is maximal normal in G we have either A^ — G[c] or G[c] = G. Suppose first that G[c] — G. 
Then, by Proposition [521 we have an isomorphism 

kGc^kNc ®z{kNc) Z{kNc)a{G/N) 

for some a € H'^{G/N; {Z{kNc))^), and the blocks kGb and kNc are source algebra equivalent - 
but this contradicts the minimality of |G| since source algebra equivalent blocks have in particular 
the same number of ordinary irreducible characters. Thus we have A^ — G[c]. Then, by Proposition 
12.31 we have b — c and G/N has odd order. Since also G/N is simple, this implies that G/N is cyclic 
of odd prime order i, by Feit-Thompson's Odd Order theorem. By standard results in Clifford 
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theory, any 77 G Iitk{N,c) is either G/N-stah\e, in which case it extends to exactly i different 
characters in Ittj^{G, b), or Ind^(77) £ Irr^^ (G, b). It foUows that 

|Irr;<-(G,&)| =e-m + r <8 

where m is the number of characters in Irrx(-^, c) fixed by G/N and where r is the number of 
non-trivial G/A^-orbits in 1ttk{N^ c). Since ^ > 3 we have m < 2. Using induction, we have 

8= |IrrK(A^,c)| ^£-r + m 

In all possible choices of ^, m, r satisfying this equality we get the contradiction £-m + r > 8. Thus 
the assumption P < is not possible, and therefore the above implies that G/Z{G) is simple. 
Finally, since GjZ(G) is simple we have G = 2'(G)[G, G], so G/\G, G] acts trivially on all characters 
of [G, G], and so |Irrii-(G, b)\ = |Irr^([G, G],d)\, where d is a block of [G, G] satisfying bd = b. After 
repeating this, if necessary, we also may assume that G is perfect, hence quasi-simple. □ 

5. Perfect isometries 

Using Rouquier's stable equivalence for blocks with an elementary abelian defect group of order 
8, described in the Appendix below, we show that Alperin's weight conjecture implies the character 
theoretic version of Broue's abelian defect conjecture for these blocks: 

Theorem 5.1. Let G be a finite group and let b be a block 0/ OG with an elementary abelian 
defect group P of order 8. Set H — Nq{P) and denote by c the block of OH with defect group 
P corresponding to b via the Brauer correspondence. Suppose that K is large enough for b and c. 
If |Irrif(G, 6)1 — |Irrx(ff, c)| then the blocks b and c are isotypic; in particular, there is a perfect 
isometry ZIrrx(G, 6) = Zlrr^f (iJ, c) . In particular we have Z{OGb) = Z{OHc). 

See [131 6.1, 6.2], [M], [15] for more precise versions of Broue's abelian defect conjecture, as well 
as background material on perfect isometries and isotypics. 

Proof of Theorem \5.1\ We refer to [351 §§2, 3] for notation and an expository account of the stan- 
dard techniques on extending partial isometries induced by stable equivalences of Morita type. 
By a result of Rouquier in [71], there is a stable equivalence of Morita type between the block 
algebras of b and of c over O (a proof of this result is given in Theorem 121.11 below) given by a 
bounded complex of bimodules whose indecomposable summands all have diagonal vertices and 
trivial source. Denote by E the inertial quotient of b. Since the block algebra OHc is Morita 
equivalent to 0{P x E) via a bimodule with diagonal vertex and trivial source this implies that 
there is a stable equivalence of Morita type between OGb and 0{P x E), induced by a bounded 
complex of bimodules with diagonal vertices and trivial source. It is well-known (see e.g. [45i 
3.1]) that any such stable equivalence induces an isometry L^{P x E) ^ L^{G,b). It suffices to 
show that this partial isometry extends to an isometry ZIrr^(P x E) = ZIrr^(G, 6) because any 
such extension is then a p-permutation equivalence by [351 3.3], hence induces an isotypy by [501 
Theorem 1.4]. We do this by running through all possible inertial quotients E. 

If E = {1} the block b is nilpotcnt, hence Morita equivalent to OP, and so the result holds 
trivially in this case. Assume that \E\ = 3. Then P x E = C2 x A4, and hence we can list the eight 
ordinary irreducible characters of P xi £' in such a way that the three characters of the projective 
indecomposable 0{P » i?)-modules are of the form Xi + Xi+3 + X7 + Xs where 1 < i < 3. Thus a 
basis of X E) is of the form 

{Xl - X4, X2 - X5, X3 - X6, X7 - X8, Xl + X2 + X3 " Xv} 
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The four elements of norm 2 in this basis must be sent to norm 2 elements under the isometry 
_L°(_P X £■) = L^{G, b) no two of which involve a common irreducible character in Iii-k{G, b), and 
hence are mapped to elements of the form Si{rji — r/4), (52(772 — 775), (53(773 — r/g), (57(7/7 — r/s), for 
some labelling Iitk{G, b) = {rji |1 < « < 8} and some signs Si. We may then choose notation (after 
possibly exchanging 7/1 and 7/4 etc.) in such a way that the image in L'^{G,b) of the norm four 
element X1+X2 + X3- X7 is equal to 6irji + S2T]2 + S^rj^ — STq^. Setting (5^+3 = 5^ for 1 < i < 3, and 
^8 = <57 it follows that the map sending Xi to Sirji induces an isometry ZIrrx(P ><> E) = Zlrr^f (G, b) 
extending the isometry L^{P >i E) = L'^{G, b) as required. 

Assume next that \E\ — 7. Then P yi E is a Frobenius group, whose seven characters of the 
projective indecomposable modules are of the form Xi + Xs with 1 < i < 7, for some labelling 
liYKiP XI -E) = {xi I 1 < * < 8}; the characters Xii 1 * 7 have P in their kernel, and 
Xs is induced from a nontrivial character of P to P xi E. The group L'^{P x E) has rank 1, 
with a basis element X]I=i X* ~ Xs- This element has norm 8, hence its image in i*'(G, 6) has 
norm 8 as well. Moreover, all irreducible characters in Irrx(G, 6) have to be involved in this 
element. Since we assume that Alperin's weight conjecture holds for 6, we have |Irr;f(G, &)| = 8, 
and so the image of this element in L°(G, 6) is of the form ~ ^sVs for some labelling 

Irrx(G, 6) = {7yi | 1 < i < 8} and some signs Si. Again, the map sending Xi to SiT]i induces the 
required isometry ZIrrj(-(P >j E) = Zlrr^ (G, b). 

Finally, assume that \E\ = 21. Then E is itself a Frobenius group, isomorphic to G7 xi G3 with 
the obvious nontrivial action of G3 on G7. The group E has 5 ordinary irreducible characters, hence 
0{P X E) has five isomorphism classes of projective indecomposable modules, and thus L^{G,b) 
has rank 3. We can label Ivtk{P xi E) = {xi | 1 < « < 8} in such a way that xi, X2, Xs have 
degree 1, the characters X4i Xs have degree 3 and xe, XTj Xs have degree 7. An easy calculation 
shows that L'^{P x E) has a basis of the form 

{X6 - X4 - X5 - Xl, X7 - X4 - X5 - X2, XS " X4 - XS " Xs} 

consisting of three elements of norm 4, such that any two different of these basis elements involve 
two common irreducible characters. Thus the same is true for L'^{G, b). Using again the hypothesis 
|Irrx(G, b)\ — 8 one deduces that L^{G, b) has a basis of the form 

{SaTja - (54?74 - (55?75 - (5i7yi, 5jrn - S^m ~ S^r]^ - 62112, Ssr/s - ^47/4 - S^Vs - ^3%} 

for some labelling Irri^(G, 6) — {rji | 1 < « < 8} and some signs Si. As before, the map sending 
Xi to SiTji induces the required isometry 'Z1ttk{P x E) = Hit x {G , b) . Since a perfect isometry 
induces an isomorphism between centers, the result follows. □ 

6. Sporadic finite simple groups 
Let G be a finite group and b a block of OG. The kernel KerG(6) of b is defined by 

KerG(6) = f| Ker(x), 

XGlrrA-((3.f)) 

see dni §3]. By [lOl Proposition (3B)] we have KerG(6) = Op'(G) n Ker(x) for any x G Irri^(G, b). 
Hence, Keicib) is a normal p'-subgroup of G, See [59l Chap. 5, Theorem 8.1] for an exposition of 
this material. We say that 6 is faithful if Ker a{b) = 1. 

Proposition 6.1. Let G be a quasi-simple finite group such that p divides \G\. 

(i) We have Op>{Z{G)) = Op'(G) and KerG(fo) = Op>{Z{G)) n Ker(x) for any x e Irrif(G, b). 
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(ii) Set G — G/Ker(3(6) and denote by b the image of b in OG. Then b is a faithful block of OG 
and the canonical map G ^ G induces an O-algebra isomorphism OGb = OGb. 

Proof. Statement (i) follows from Brauer's result mentioned above, and (ii) is an easy consequence 
of [5i Chap.5, Theorem 8.8]. □ 

The following table is due to Noeske [BD]. By Proposition lG.lf ii) it is enough to consider faithful 
blocks. 

Proposition 6.2 (j60l). The following is a list of all faithful non-principal 2-blocks with non-cyclic 
abelian defect groups of sporadic simple groups and their covers. Each number in the 2nd column 
corresponds to the number attached to each block in the Modular Atlas 56 . 



group 


blocks b 


defect groups 


m 




Ml2 


2 


G2 X C2 


4 


3 


12.M22 


4, 5 


C2 X C2, C2 X C2 


4, 4 


1, 1 


J2 


2 


C2 X C2 


4 


3 


HS 


2 


C2 X C2 


4 


3 


Ru 


2 


C2 X C2 


4 


3 


C03 


2 


C2 X C2 X C2 


8 


5 


2.Fi22 


3 


C2 X C2 


4 


1 


Fl2i' 


2 


C2 X C2 


4 


3 



Proposition 6.3. Let G be a quasi-simple finite group such that G/Z{G) is a sporadic .simple 
group, and let b be a block of kG with an elementary abelian defect group of order 2^ for some 
integer r > 3. Then r = 3 and either b is the principal block of kJi or a non-principal block of 
kGo^. In both cases we have |Irr/f(G, 6)| = 8; in particular, Alperin's weight conjecture holds for 
b. 

Proof. If 6 is a principal block then r = 3 and G = Ji , hence the result follows from [351 Theorem 
3.8]. Suppose that 6 is a non-principal block; by Proposition 16. II we may assume that b is faithful. 
Proposition 16.21 implies that r = 3, G = G03 and k {G , b)\ = 8. □ 

7. Finite simple groups of Lie type with exceptional Schur multipliers 

The Schur multipliers of finite groups of Lie type tend to be 'generic' (that is, dependent only 
on the series to which the group belongs) except in a few cases of low rank where they are larger; 
see [39l Definition 6.1.3]. We consider in this section the groups of Lie type from [39l Table 6.1.3] 
defined over a field of odd characteristic. 

Proposition 7.1 ([39l Table 6.1.3, p. 313], [56]). The finite simple group G of Lie type defined 
over a field of odd characteristic with exceptional Schur multipliers are as follows: 



G 


v4i(9) ^ As 


2^3(3) ^PSU4(3) 


53(3) - ra7(3) 


G2(3) 


Me 


3 


3, 3 


3 


3 


M{G) 


6 


12 


6 


3 



where Me denotes the elementary divisors of the exceptional parts of the Schur multipliers M{G) 
ofG. 

Proposition 7.2. If G is a quasi-simple finite group such that Z{G) has odd order and G / Z{G) is 
of Lie type either Ai(%), ^^3(3), -63(3) or G2(3), then G has no 2-blocks b with elementary abelian 
defect group of order 2^ , where r > 3. 
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Proof. For the isomorphisms Ai{9) = Aq and ^^3(3) = PSU4(3) and 53(8) = Pf77(3) (also denoted 
07(3) in the Atlas [23l p. 106]), used already in the previous Proposition, see [SS] p. 8, Table I]. 
If G/Z{G) = Ae then G is isomorphic to Aq or 3.^6; in both cases G has no 2-blocks with an 
elementary abelian defect group of order 2^, r >3 by [5^, or bv l8.2l below. If G/Z{G) is isomorphic 
to one of PSU4(3), P07(3), (72(3) then again G has no 2-blocks with elementary abelian defect 
group of order 2^, r > 3, hy [56]. □ 




We denote in this section by An the alternating group of degree n, where n is a positive integer. 

Proposition 8.1. If G = An for some n > 5 then G has no 2-blocks with an elementary abelian 
defect group of order 2^ , where r > 3. 

Proof. By [HI 1.2, 1.3, 1.4, 1.7], a 2-block of an alternating group An with defect group P is 
source algebra equivalent to a block of an alternating group Am for some m < n having P as 
Sylow 2-subgroup. But there is no alternating group with an elementary abelian Sylow 2-subgroup 



Proposition 8.2. // G is S.Aq or S.Ai, then G has no 2-block with an elementary abelian defect 
group of order 2^ , where r > 3. 

Proof. This is clear since Sylow 2-subgroups of G are dihedral of order 8, see [531 p.4, p.lO]. □ 



Proposition 9.1. Let G be a quasi-simple group such that G / Z{G) is a finite group of Lie type 
in characteristic 2. Suppose that Z{G) has odd order. Let b be a block of G having an elementary 
abelian defect group of order 2^ for some integer r > 3. Then G = PSL2(2''), the block b is the 
principal block of G, and Alperin's weight conjecture holds for b. 

Proof. Consider first the case where G/Z{G) is not isomorphic to the Tits simple group ^^4(2)', 
PSp4(2)' ^ Ae, or G2(2)' = PSU3(3). Then, by [M Proposition 8.7], the defect groups of any 
2-block of G are either trivial or the Sylow 2-subgroups of G. It is well-known that the only finite 
groups of Lie type in characteristic 2 having abehan Sylow 2-subgroups are the groups PSL2(2''), 
and hence G = PSL2(2''), where we use that the Schur multiplier of PSL2(2'') is trivial. By [131 
A 1.3], the principal block is isotypic to its Brauer correspondent; in particular, Alperin's weight 
conjecture holds. The group ^^4(2)' has trivial Schur multiplier and by the pages on decomposition 
numbers in the Modular Atlas [HB], ^^4(2)' has three 2-blocks: the principal block (of defect 11) 
and two defect zero blocks; ^^4(2)' has no block with an elementary abelian defect group of order 
2^ r > 3. The case PSp4(2) = Aq is aheady checked in gHand in Proposition|H21 Finally, PSU3(3) 
has trivial Schur multiplier and again by the pages on decomposition numbers in the Modular Atlas 
[56] . PSU3(3) has besides the principal block (of defect 5) two blocks of defect zero; in particular, 
PSU3(3) has no blocks with an elementary abelian defect group of order 2'', r > 3. □ 

Remark 9.2. For the purpose of the proof of 11.11 one could have excluded the Tits simple group 
^^4(2)' and Aq also by observing that its order is not divisible by 7, and hence the inertial quotient 
of a hypothetical block with elementary abelian defect group of order 8 can only be trivial or cyclic 
of order 3, in which case Alperin's weight conjecture holds by Proposition jXU above. 




8. Alternating groups 



of order 2' , r > 3. 



□ 



9. Finite groups of Lie type in characteristic 2 
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10. Further background results on finite reductive groups 



The book especially Chapters 13 and 14 is a useful reference for the first part of this 
section. The following notation will be in effect for this section. Let r and i be disctinct primes 
and let g be a power of r. Let G a connected reductive group over and F : G — G a Frobenius 
morphism with respect to an Fg-structure on G. Let (G*, i^*) be a pair in duality with (G, F) with 
respect to some choice of an F-stable (respectively i^*-stable) maximal torus of G (respectively 
G*) and with respect to a fixed isomorphism F^ = (Q/Z)^' and a fixed embedding F^ ^ Q^. 
For an F*-stable semi-simple element s of G*, we denote by £(G^,(s)) C IrrQ^(G) the subset 
of characters corresponding to the geometric conjugacy class (s) and by £{G^ , [s]) the subset of 
characters corresponding to the rational conjugacy class [s]; the geometric (and rational) class 
of the trivial element will be just denoted £{G^ ,1). The elements of f (G^, 1) are called the 
unipotent characters of G^. We set C(s) — Cg'(s), C°(s) = Cg*(s)°, the connected component 
of C(s), C°(s) ~ C°(s)/Z(C°(s)), the quotient of the connected centraliser by its centre, and 

C°(s)' = [C°(s), C°(s)] the derived subgroup of the connected centraliser. Set as = i^r^pJj) 

Z°(s) = Z{C°{s)) and z(s) = |Z°(s)^ |. For any positive integer m we denote by to+ the highest 
power of 2 dividing to. 

10.1. Jordan decomposition of characters. By the work of Lusztig ((51] Theorem 4.23], 
[52l Proposition 5.1], see also 26, 13.24]), there is a bijection between £(G^, [s]) and the set 
E{C{s)^ ,1) of unipotent characters of C(s)^ such that if x G '^(G^, [s]) corresponds to r S 
£:(C(s)^*,l), then 



(1) X(l) = ':, r(l). 



\C{sy 

Here we note that if C(s) is not connected, then £[C{s)^ , 1) is defined to be the set of irre- 
ducible characters of C(s)^ covering the set £{C°{s)^' ,1) of unipotent characters of C°(s)^ . 
By standard Clifford theory, if t is an irreducible character of C(s)^ covering an irreducible char- 
acter A of C°(s)^ , then t(1) = aA(l), for an integer a dividing a(s). Thus, to each element of 
£{G^ ^ [s)) is associated a C{s)^ -orbit of £{C°{s)^ , 1) such that if x G f (G, (s)) corresponds to 
the orbit of A e £:(C°(s)^* , 1), then 

for some integer dividing a^. 

Restriction induces a degree preserving bijection A i-> A' between the sets £{C°(s)^ ,1) and 
£{C°{s)' , 1) and there is also a degree preserving bijection A — t' A between £{C°{s)^ , 1) and 

£{C°{s)^\l) (cf. [H Proposition 3.1]). Further, the_ group C°{s)^' = ]\^C°^\ where w runs 
through the i^-orbits of the Dynkin diagram As of C°(s), and for each w, C° (s) is the direct 
product of subgroups of C°(s) corresponding to the elements of w. The elements of £{C°{s)^ , 1) 
are products where (p^ is a unipotent character of C°(s)^ for each uj. Tracing through the 

above bijections, and noting that 

\C°{sr\ = z{s)\C°{s)'^'\^z{s)\C'^{sr\ 
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it follows that if x G (s)) corresponds to the orbit of A e £{C°{s)^ , 1), and A corresponds to 
to the unipotent character A' of C°(s)'^ and to the unipotent character A Yl^ c/)^ of C°(s)^ , 
then 



= |G^|.^ -pr M^) 

^ > ,(,)«^nicoF-(,)|^/ 

The above correspondences have the following consequence, which we record for use in later 
sections. If r is odd, then 

(4) 2-defect of x = a^ + Cs + 2-defect of A' 

(5) = + Cs + of (1)^) 

where 2^= = z(s)+ and 2"^ = |a^|+. We note that we get an analogous formula for ^-defects, for 
any prime £ different from r. 

10.2. Jordan decomposition of blocks. As is the case of many sources cited below, we divert 
in this section from our previous notation and use the prime £, instead of p, for the characteristic of 
fc, which is assumed to be different from the defining characteristic r. We identify without further 
comment the sets IrrQ^ (G''^) and Irr^^ (G^). Let t be a semi-simple element of G*''^ of order prime 
to £ and let £e{G^ , [t]) = U„£:(G^, [tu]), where u runs over the ^-elements of C^,{t)^' . By [l6l 
Theoreme 2.2], £e{G^ , [t]) = U„£:(G^, [tu]), is a union of ^-blocks of G; a block b of G^ is in 
this union if and only if £{G, [t]) D lrrK{G^ , h) ^ % (cf. [UJ Theorem 3.1]). In this case, we say 
that h is in the series \t] or that [t] is the semi-simple label of h. Blocks with semi-simple label 
[1] are called unipotent. Let L*(t) be the (necessarily _F*-stable) minimal standard Levi subgroup 
of G*-containing C{t) (if C(<) is not contained in any proper Levi subgroup of G*, we take for 
L*(t) the group G itself) and let L be an F-stable Levi subgroup of G dual to L*(t). Let ep 
and be the sum of block idempotents of OG^ and OJj^ in the series \t\. Then by Theorem B' 
of [5], the algebras CG^ep and O'L^e}' are Morita equivalent. Further, if C(t) is itself a Levi 
subgroup of G*, ic. if C(t) = L*(i), then by Theorem 11.8 of [5], OG^ef is Morita equivalent 
to the sum of unipotent blocks OL^e]' of OL^ . We record a consequence of these results for 
classical groups for £ ^ 2. 

Theorem 10.1. Suppose that £ — 2 and either G = GL„(Fq) or that G is simple of classical type 
B, C or D. Let t be an odd order semi-simple element of G*^ . Then, C(<) is a Levi subgroup of 
G* . Let L be an F -stable Levi subgroup of G in duality with C{t) as above. Then ep is a block 
of OG^ , and e\ is the principal block o/OL^. The block algebras OG^ep and Oli^e]' are 
Morita equivalent and a Sylow 2-subgroup of Ti^ is a defect group o/OG^ep . 

Proof. The element t has odd order, whereas Z{G)/Z°{G) is a 2-group, hence C{t) is connected. 
The prime 2 is the only bad prime for G (if G is a general linear group, then all primes are 
good for G). Thus, the order of t is not divisble by any bad prime, which means that C°(t) 
is a Levi subgroup of G*. Thus by the Bonnafe-Rouquier theorem, OG-'^ep^ and OL^e^^ are 
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Morita equivalent. Now the components of L are all of classical types A, B, C or D. Hence by 
[TSl Theorem 13], the principal block of OL^ is the unique unipotent 2-block of OL^ , and the 
Morita equivalence implies that ep^ is a block of OG^. The assertion on defect groups is in [STJ 
Proposition 1.5(ii), (iii)]. □ 

Corollary 10.2. Suppose that £ = 2 and either G = GL„(Fq) or that G is simple of classical type 
B, C or D. Let b be a block of OG^ . If b has abelian defect groups, then OG^b is nilpotent. 

Proof. Let t be the semi-simple label of b and suppose that b has abelian defect groups. By the 
theorem, 6 = ep and the Sylow 2-subgroups of L-'^ are abelian. Suppose that [L, L] ^ 1. If L has a 
component of type different from Ai, then [L,L]^ contains a subquotient isomorphic to Sh2{q') for 
some power q' of q (see Theorem 3.2.8 of [5S]). If all components of L are of type Ai, then [L, L]^ 
is a commuting product of finite special linear and projective general linear groups of degree 2. 
But the Sylow 2-subgroups of SL2(g') are quaternion and those of PGL2(q') are dihedral of order 
at least 8 for any odd prime power q' (see 111.11 below) , a contradiction. Hence, L and therefore 
is an abelian group. In particular, any block of OL^ is nilpotent. Since nilpotent blocks with 
abelian defect groups are precisely the blocks with a symmetric centre (cf. |6H Theorems 3 and 
5] and [57]), any block Morita equivalent to a block of OL^ is nilpotent with an abelian defect 
group, whence the result. Alternatively, Morita equivalences of blocks preserve nilpotence by [65l 
Theorem 8.2]. □ 



11. On the 2-local structure of finite classical groups 

Let n be a natural number, q an odd prime power and let L denote one of the groups GL„(g), 
GU„(<z), 02n+i{q), Sp2„((j'), Oj„(g), or 0^„((3'). Let Z be a central subgroup of L contained in 
[i,L] and set G = [L,L\/Z. We gather together a few well-known facts on the Sylow 2-structure 
of the groups L and G. 

Lemma 11.1. With the notation above, 

(i) If n > 3, then the Sylow 2-subgroups of G (and hence of [L,L] and L) are non-abelian. 

(ii) If n = 2, the Sylow 2-subgroups of [L,L] are non-abelian. Further, if n — 2 and L is not one 
of GL2{q), g = ±3 (mod 8), GU2{q), g = ±3 (mod 8), or 04(g), q = ±3 (mod 8), then the Sylow 
2-subgroups of G are non-abelian. 

(iii) If L is one o/GL2(g), GU2(g) or Sp2(g) then the Sylow 2-subgroups of [L,L] are generalised 
quaternion groups. They have order at least 16 if q = ±1 (mod 8) and in this case the Sylow 
2-subgroups of G are non-abelian. If q = ±3 (mod 8), then the Sylow 2-subgroups of [L,L] have 
order 8 and the Sylow 2-subgroups of G are Klein A-groups. The Sylow 2-subgroups of PGh2{q) 
are dihedral of order at least 8. 

(iv) If L is one o/Oj(g), respectively O2 {q), then L is a dihedral group of order 2(g— 1), respectively 

2(g + i). 

(v) If L = 03(g) and if q = 1 (mod 4) then the Sylow 2-subgroups of L are isomorphic to the direct 
product of a cyclic group of order 2 with a Sylow 2-subgroup of 0^(g) and the Sylow 2-subgroups of 
S03(g) are isomorphic to the Sylow 2-subgroups o/0^(g). If L = 03(g) and g = 3 (mod 4) then 
the Sylow 2-subgroups of L are isomorphic to the direct product of a cyclic group of order 2 with 
a Sylow 2-subgroup o/0^(g) and the Sylow 2-subgroups of SO 3 (q) are isomorphic to the Sylow 
2-subgroups o/02^(g). 
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Proof. Statements (iii), (iv), (v) can be found in 21!. The only simple groups with abelian Sylow 
2-subgroups are PSL2(g'), = ±3 (mod 8), PSL2(2°), ^G2iq'), q' = S^^+i, u > 1, ^GalS)' ^ 
PSL2(8) or Ji (cf. [21], [3]). Also, if n > 2, then unless L is one of Oj(g), GL2(2), GL2(3) 
or GU2(2), the groups G are all quasi-simple. Statement (i) and the second assertion of (ii) are 
immediate from this, li L — GL2{q), or L ^ GU2((7), the second assertion of (ii) is immediate from 
(iii). Now consider L — Oj(g). Then L contains a subgroup isomorphic to G\j2[q) or to G\J2{q) 
(as a centraliser of a semi-simple element), hence [L, L] = ^l^lq) contains a subgroup isomorphic 
to SL2(g) or to SU2((7) and SL2((7) and SU2((?) have non-abelian Sylow 2-subgroups. □ 

In the next sections, we will analyse closely the structure of centralisers of semi-simple elements 
in classical groups. The following elementary lemma will be useful in this context. In what follows, 
Oj(g) are to be interpreted as the trivial group, and Oi{q) as a cyclic group of order 2. Also note 
that the center of L is a 2-group. 

Lemma 11.2. Let t >Q, let di, mi, 1 < i < t, be positive integers and let mg be a non-negative 
integer. Let 

0<i<t 

be a subgroup of L such that Hq is one of the groups Sp2moil)' 02mo+i('?) or Oj„jj,(9) and Hi is 
isomorphic to GL„i;((7'^*) or GU,„. (g''') for 1 <i <t. Let Z be a central subgroup of L contained 
in H such that if the above decomposition of H has more than one non-trivial factor, then ZnHi = 
1 for all i, < i < t. Let T be a Sylow 2-subgroup of H and set P = (T D [L, L]Z)/Z . Suppose 
that P is abelian. Then, 

(i) rui <2, <i < t. 

(ii) //mo = 2, then H = Ho = Oj(g). 

(iii) If m.i = 2 for some i > I, then t = 1 and ni = 0, that is H = Hi. Further, di is odd and 
q = ±3 (mod 8). 

(iv) If Hq = Sp2niq) '^^'^ "TiQ 7^ 0, then t = 0, that is H ~ Hq. 
Proof For < i < t, [Hi, H,] < H n [L, L], and hence 

[H„H,]/[H„H,] nZ- [H„H,]Z/Z < [H n [L, L]Z)/Z. 

Suppose first that two of the factors of H are non-trivial, say Hi and Hj, i ^ j. Then, by 
assumption [Hi, Hi]r\Z = 1. It follows from the above that [Hi, Hi] is a subgroup of {HCi [L, L])/Z. 
In particular, the Sylow 2-subgroups of [Hi, Hi] are abelian. But by Lemma [11.11 [Hi, Hi] has non- 
abelian Sylow 2-subgroups if mi > 2. This proves the first assertions of (ii) and (iii). 

Now supppose that some > 2. By what has just been proved, either i = or i = 1 and 
mo =0. li t = 0, then H = Hq is an orthogonal or symplectic group of dimension tuq. By Lemma 
[Trn it follows that Hq = 0|(g), proving (h). If t = 1 and mo = 0, then [H, H]/Z{[H, H]) is a 
projective special linear or unitary group, and by Lemma flLlI (i), mi ^ 2, H ^ GL2{q'^^), and 
qdi ^ (^fjiod 8). The last can only hold if di is odd and q = ±3 (mod 8). This proves (iii). The 
proof of (iv) is similar, using the fact that symplectic groups Sp2„((j') are perfect for n > 2. □ 

12. Type A in odd characteristic 

By results of Blau and Ellers in 6 , Brauer's height zero conjecture holds for all blocks in 
non-defining characteristic of quasi-simple groups of type A and ^A, and hence so does Alperin's 
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weight conjecture for all blocks of these groups in odd characteristic with an elementary abelian 
defect group of order 8, by Landrock's results quoted in Proposition 13.21 This proves in particular 
Theorem 11.11 for these groups. For future reference, and using methods similar to those in [B], 
we prove in this and the following section that elementary abelian 2-defect groups of odd rank 
at least three do not occur in type A and type ^A, and that blocks with an elementary abelian 
2-defect group of even rank at least four of these groups satisfy Alperin's weight conjecture. For 
the remainder of the paper, we assume p — 2. 

Theorem 12.1. Let G be a quasi-simple finite group such that Z{G) has odd order and such that 
G / Z{G) = PSL„(g) for some positive integer n and some odd prime power q. Let h be a block of 
kG with an elementary abelian defect group of order T" for some integer r > 3. Then r is even 
and b satisfies Alperin's weight conjecture. 

Lemma 12.2. Let n, m, d be positive integers such that n — nid. Consider GLm ('?'') as subgroup 
o/GL„(g) through some¥ q-decomposition (F^)" = (F^d)™. Denote by det the determinant function 
on GL„(g). Then there is an element x G GL,„((7'^) such that det(a::) has order q ~ 1. 

Proof. Let A be a generator of F^^ and / G Fg[X] the minimal polynomial of A over F^. Then / 

has degree d, and the roots of / are A, A'', A^^,..., A' . Let y G GLd{q) with minimal polyomial /. 
Define x G GL„(g) via d x d-block diagonal matrices where the first block is y and the remaining 
m blocks are the identity matrices Id^. Then, in GL„(Fg), the element x is conjugate to a diagonal 
matrix whose diagonal entries are A, A', A'^,...,A'^'' \ 1, 1, ...,1. Thus the determinant of x is 
det(x) = A • A"^ ■ • • A' = A <j-i . Since A has order q — 1 it follows that det(a;) has order q—1. □ 

Lemma 12.3. Let n, m, d be positive integers such that n = md. Consider GL^ as subgroup 
of GLn{q) through some ¥q- decomposition (F^)" = (F^d)™. If m > 2 and q"^ = 1 (mod 4) then 
there is an element y G GLm{q'^) of order 4 such that the image of y in PGL„((7) has order 4. // 
moreover to > 3 we can choose such an element y in SL„((7). 

Proof. Since to > 2, the group GL„i{q'^) contains a subgroup isomorphic to F^^j x F^^j; choose 
y = (t/1,1) in this subgroup, where yi G F^^, has order 4. Then y has an eigenvalue 1, hence if 
some power y^ is a scalar multiple of Id„ then y^ = Id„, which shows that the order of y remains 
unchanged upon taking its image in PGL„(g). If to > 3 then GL,„(g'') contains a subgroup 
isomorphic to (F^d)'^; choose y = (2/1,1,2/3) with j/3 such that det(?/3) = det(j/i)^^, which is 
possible thanks to Lemma [12.21 and as before, y has the required properties. □ 

Since the case PSL2(9) ^ Aq is dealt with in [J7]in order to prove Theorem 1 1 2 . 1 1 we may assume 
that G — SL„((7)/Z+, where Z+ is the Sylow 2-subgroup of Z{SLn{q)). Note that \Z+\ is equal to 
the 2-part (n, q — 1)+ of (n, q — 1). 

Let & be a block of kG and denote by P a defect group of b. Since PSL„((/) = G/Z-, where Z_ 
is the complement of Z+ in Z{SLn{q)) identified to its image in G, the image of P in PSL„((7) is 
isomorphic to P. Since Z^ is a central 2-subgroup, b is the image of a unique block b of A:SL„(g), 
and the inverse image P of P in SL„((/) is a defect group of b. Let d be a block of /cGL„((j) 
covering b with a defect group T such that T n SL„(q) = P. By [511 Proposition 6.3] the block b 
is stable under the 2-part of GL„(q)/ SL„((/), and hence T/P is cyclic of order the 2-part [q — 1)+ 
of g — 1. By im Theoreme 3.3], there exists a semi-simple element s of odd order in GL„((/) such 
that T is a Sylow 2-subgroup of CGL„(g)(s) (this can also be seen as a consequence of the Jordan 
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decomposition of Theorem IIP. ip . Further there exist positive integers mi,di, 1 <i <t such that 

l<i<t 

and setting Hi — GL„i. ) , there is a decomposition 

CGL„i,){s) ^ n 
i<i<t 

corresponding to a subspace decomposition of the underlying F^-vector vector space as isotypic 
Fg[s]-modules. In particular, Hi — GL„i^{q'^^) is a subgroup of GLrmdiiq) through some F,- 
decomposition (Fq)"'-'^' (F^d.)'"'. 

Lemma 12.4. With the notation above, suppose that P is elementary abelian and that t > 3. 
Then the following holds. 

(i) (7 = 3 (mod 4). 

(ii) rrii — 1 for 1 < i <t. 
(Hi) di is odd for I < i < t. 

(iv) If t is even then \P\ — 2*^^, and if t is odd then \P\ = 2*^^; in particular, the 2-rank of P is 
even. 

(v) The block d of Ghn{q) is nilpotent with an elementary abelian defect group T of order 2*. 

(vi) The block b of kG satisfies Alperin's weight conjecture. 

Proof. Clearly, P = (T n SL„(g))/Z+ and Z+r\Hi = I for any i such that Hi ^ Cl{s). Thus 
Lemma [11.21 (ii) and (iii) apply with L = GLji(g), H — Cl{s) and Z — and assertion (ii) 
is immediate, li q = 1 (mod 4) or if di is even, then the group Hi = GLi{q'^'^) contains an 
element yi of order 4. By Lemma [122] the group H2 = GLi{q'^^) contains a 2-element 1/2 such that 
det(y2) = det(yi)~^. Thus x = yiy2 G SL„(g) = [L,L]. Since t > 3, we have Hi x H2 H Z+ = 1, 
and it follows that the image xZj^ of x in P has order 4, a contradiction. Thus (i) and (iii) hold. 
Hence T is a Sylow 2-subgroup of Hi^i ^qdi ■ Since the di are odd and q = 3 (mod 4) this implies 
that T is elementary abelian of rank t, and hence P is elementary abelian of rank t—1. If n is odd 
then P = P and since n = J2l=i ^^'^ '^'^'^ follows that t is odd, hence \P\ — 2*^^. 

If n is even then \P\ — ^ and since n = X]*=i the di are odd it follows that t is even and 

|P| = 2*~^, which proves (iv). Since T is clearly abelian, (v) is immediate from CoroUarv 110.21 
Statement (vi) follows from (v) and Proposition 12.41 □ 

Lemma 12.5. Suppose that P is elementary abelian and that t — 2. Then mi — TO2 — 1, 1^*1 < 4 
and P contains an element of order max{{q'^^ — 1)+, {q'^^ — 1)+). 

Proof. The fact that nii ~ m2 = 1 is a consequence of Lemma lll.2l So Hi = GLi((7'^'). By Lemma 
[T2?2l it follows that P = T (1 SLniq) contains elements of order max{{q'^^ - 1)+, ('?''" -!)+)■ ^ 

Lemma 12.6. Suppose that P is elementary abelian and that t = 1. Then mi < 2. 

If mi — 2, then di is odd, n — 2di, \P\ — 4 and P is a quaternion group of order 8. 

Ifi^^i = 1; then T, P and P are cyclic, \P\ = 2 if and only if n is even, and either q = 3 (mod 4) 
and n+ < {q — 1)+ or q = 1 (mod 4) and n+ — 2{q — 1)+. 
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Proof. By Leinnia ril.21 mi < 2. Suppose that nii = 1, so T is a Sylow 2-subgroup of GLi(g") and 
in particular, T is a cyclic group of order (q" — It follows from Lemnia ri2.2l that P ~ PnSL„((j) 
is cyclic of order ^'^^Zij^ i and hence P is cyclic of order (^gli)'^^z+\ ■ Now, |Z+| — min{n+, (q — 1)+). 

If n is odd then (q" — l)+ = ((7— 1)+ and if n is even then (g" — 1)+ = — — 2''^ ■ The statement 
of the lemma for the case mi — 1 follows by an easy calculation. Now suppose mi = 2. Then 
by Lemma ril.2[ (ii) we have CGL„(q)(5) — GL2((;'''), g = ±3 (mod 8), di is odd and n — 2di. 
With this arithmetic, one sees easily that |P| = 4 and |P| = 8. Finally, P is quaternion since it 
contains a subgroup isomorphic to the Sylow 2-subgroups of SL2 {q"^' ) , which by Lemma 111.11 are 
quaternion. □ 

Proof of Theorem ] 1 2. 1[ If t > 3, Lemma [12.41 shows that the 2-rank of P is at least 4 and even 
and that b satisfies Alperin's weight conjecture. If t < 2, Lemma [12.51 and Lemma [12.61 show that 
the rank of P is at most 2. □ 

We also note the following. 

Lemma 12.7. Suppose that n — 2m, m > 1, and P is elementary abelian of order 2 or 4. Then 
the inverse image of P in a non-split central extension 2.G has an element of order 4 unless t = A, 
q = 3(mod 4), and di is odd for 1 < i < 4. In particular, if P has order 2, then the inverse image 
has order 4. 

Proof. The central extension 2.G may be assumed to be a central quotient of SL„(g) and the 
inverse image, Pq of P in 2.G is a quotient of P by a cyclic (central) group of order ^\Z+\. We will 
show that unless we are in the exceptional case above, that either P is cyclic or that Pq contains an 
element of order 2|Z|+. If t = 1 and mi = 1, then Cl{s), and hence P is cyclic. So certainly Pq is 
cyclic. If i = 1 and mi = 2, then [H2, H2] < Cl{s) H [i, L] is a special linear group of dimension 2 
and hence PR [H2, H2] is a quaternion group of order q^'* — 1. In particular, P contains an element 
of order ■^{q^'^ ~ !)■ Since \Z\+ < (g — 1)+, if d is even, then P contains an element of order at 
least 2\Z\ + . So we may assume that d is odd. Then \Z\+ = 2, and ^{q^'' - 1) > 4 = 2\Z\ + . Now 
suppose t ~ 2. So, mi = m2 = 1 and n = di + c?2. Thus, T — Ti x T2, with Hi a cyclic group of 
order {q'^- - 1)+, i = 1,2. We assume without loss of generality that |Ti| > IT2I. By Lemma [12.21 
it is easy to see that P — T O SLn{q) is a direct product Qi x Q2 such that Qi is cyclic of order 
|Ti| and Q2 is cyclic of order j^^j^- If di is even, then |Ti| > 2{q - 1)+ > 2\Z\+. If di is odd, 

then d2 is also odd (as n is even), hence T2 = 1, that is T is cyclic. Finally, suppose that t > 3. 
By Lemma [12.4[ P is not of order 2, and P is of order 4 if and only ii t — A, q = 3(mod 4), and di 
is odd for 1 < i < 4. Note that in this case, P is elementary abelian of order 8. □ 

13. Type '^A in odd characteristic 

We show that type yields no blocks with elementary abelian defect groups of order 8; in 
fact, more generally, we have the following result: 

Theorem 13.1. Let G be a quasi-simple finite group such that Z{G) has odd order and such that 
G/Z{G) ^ PSU„((7) for some positive integer n and some odd prime power q. Let b he a block of 
kG with an elementary abelian defect group of order 2^ for some integer r > 3. Then r is even 
and b satisfies Alperin's weight conjecture. 

18 



The proof of this foUows the same lines as the untwisted case. We give details for the convenience 
of the reader. We single out two elementary observations which we will use in the proof below: 

Lemma 13.2. Let n, m, d be positive integers and denote by det the determinant function on 
GL„(F,). 

(i) Suppose thatn > 2d. Consider the inclusions GLi(g^'^) < GLd{q^) < GU2d('z) < GU„(g), where 
GLi(q^'') is a subgroup of GLd{q^) through some ¥q2-vector space isomorphism {¥^2)'^ = ¥g2d, 
GLd{q^) is a subgroup 0/ GU2d(q) through some ¥q2-vector space embedding (F^2)'' ^ {^q'^Y ® 
(Fq2)'^ of the form X A + A^"? a?7.(i GU2d (<?) is a subgroup o/GU„(g) through some decomposition 
(F,2)" ^ {¥q2)'^'^ © (F52)"-2d^ j^^jg^g element x e Ghi{q^'^) such that Aet{x) has order q + l. 

(ii) Suppose that d is odd and that n > d. Consider the inclusions G\Ji{q'^) < G\J d{q) < GU„(g), 
where G\Ji{q'^) is a subgroup ofGXJdiq) through an irreducible unitary representation o/GUi((j''^) on 
a d-dimensional ¥q2 -space, and where G\J d{q) is a subgroup ofGVniq) through some decomposition 
{¥g2)" ^ (F^2)2'^ © (F<,2)"-2'i. There is an element x e Ghi{q^'^) such that Aet{x) has order q + l. 

Proof, (i) Let A be a generator of F^a^ and / e ¥^2 [X] the minimal polynomial of A over F^2 . 

Then / has degree d, and the roots of / are A, A^ , A"? A"^ ' Let x G GL(j(g^) with 
minimal polyomial /. Then, in GL„(Fg), the element x is conjugate to a diagonal matrix whose 
diagonal entries are A, A«', A'?',...,A'?'''"" , A"?, (A«')-'?, (A9')-'?,...,(A'?'''"'))-9, Thus the 

2 2{d 1) g^"*-! 

determinant of x is det(a;) — aa~'' , where a = A • A"* • • • A"? — A 5^-1 . Since A has order q'^'^ — 1 
it follows that det(a::) has order q + l. 

(ii) Let A be an element of order (7"^+^ in ¥^2d and / £ Fq2 [X] the minimal polynomial of A over 
Fq2. Since d is odd, / has degree d. Let x G G\Jd{q) with minimal polyomial /. In GL„(F), the 
element x is conjugate to a diagonal matrix whose diagonal entries are A, A"? , A"? v:'^^ • Thus 
the determinant of x is 

2 2(<i-H g^*^-! 

det(a;) = A-A" •••A' = X^^ . 

Since A has order g"* + 1 and since d being odd, the integers, ^irf and g"* + 1 are relatively prime, 
it follows that det(a;) has order q + l. □ 

We turn now towards the proof of Theorem 113.11 Since the case PSU4(3) is dealt with in [J7] 
in order to prove Theorem 112.11 we may assume that G = SU„(q)/Z+, where Z+ is the Sylow 
2-subgroup of Z(SU„(g)). Note that |Z+| is equal to the 2-part {n,q + 1)+ of {n,q + 1). Let b 
be a block of kG and denote by P a defect group of b. Since PSU„(g) ^ G/Z^, where Z_ is 
the complement of C+ in Z{SLn{q)) identified to its image in G, the image of P in PSU„(g) is 
isomorphic to P. Since is a central 2-subgroup, b is the image of a unique block b of A:SU„(g), 
and the inverse image P of P in SU„(g) is a defect group of b. Let d be a block of A:GU„(g) 
covering b with a defect group T such that Tfl SU„((j) = P. By [24j Proposition 6.3] the block b is 
stable under the 2-part of GU„((7)/ SU„(g), and hence T/P is cyclic of order the 2-part (g + 1)+ 
of g -|- 1. By Fong-Srinivasan [35], T is isomorphic to a Sylow 2-subgroup of 

s t 

H = J{ GhmM^"^) X n GU„, (9'0 
i=i j=i 
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for some non-negative integers s, i, and some positive integers m^, di, ej such that ah ej are 
odd and satisfy 

s t 
n = 2niidi + i^j^j- 
t=i j=i 

We keep this notation for the remainder of this section. 

Lemma 13.3. (i) Suppose that J2i<i<s''^i ~^^i<j<t''^J — ^- V for some i, j , either GLi{q^''^') or 
GUi(g'^j ) contains an element of order 2", then so does P. 

(a) Suppose that X]i<j<s "^j + Si<j<t — 4 a'l-rf either > 2 /or some z, 1 < z < s or rt_,- > 2 
for some j , 1 < j < t. Then P contains an element of order 8. 

(Hi) Suppose that nj > 2 for some j , I < j < t and X]i<i<s "^i + X]i<j<t '^j — 3- Then, P contains 
an element of order 8. 

Proof, (i) This foUows easily from Proposition II 3 . 21 using arguments similar to Lemma 112.31 

(ii) Similar argument to (i) using the fact that GL2(g') and G\J2{q') contain elements of order 

8 for any odd prime power g'. 

(iii ) Again, we use the fact that GU2((?'^') has an element of order 8. □ 

Lemma 13.4. Suppose that P is elementary abelian and that s + t > 3. Then the following hold. 

(i) s^Q. 

(ii) Ui — \ for all i, 1 < z < t. 

(iii) q = 1 (mod 4). 

(iv) If t is even then \P\ = 2*~^, and if t is odd then \P\ — 2*~^; in particular, the 2-rank of P is 
even. 

(v) The block d of GVniq) is nilpotent with an elementary abelian defect group T of order 2*. 

(vi) The block b of kG satisfies Alperin's weight conjecture. 

Proof. Since GLi((7^'^i) contains an element of order 8, conclusion (i) is immediate from Lemma 
113.3( 1). Assume from now on that s = 0. If rii > 2, then the fact that s + i > 3 implies that 
TliKjKs "-J — 4- So, by Lemma ri3.3f ii). P has an element of order 8, a contradiction. So, (ii) holds. 
If (7 = 3 (mod 4), then GUi(<7'^') contains an element of order 4, and again by Lemma [13. 3f i). P 
has an element of order 4. This proves (iii). Hence T is a Sylow 2-subgroup of 115=1 ^g<=j • Since 
the Ej are odd and 9=1 (mod 4) this implies that T is elementary abelian of rank t, and hence P 
is elementary abelian of rank t —1. If n is odd then P ^ P and since n = X]j=i ^^'^ the Cj are 
odd it follows that t is odd, hence \P\ = 2*^^. If n is even then \P\ — ^ and since n = 
and the Cj are odd it follows that t is even and \P\ = 2*~^, which proves (iv). Finally, the block 
d of GU„ {q) is nilpotent in that case because (ii) implies that the centraliser of the semi-simple 
element labelling d is a torus, whence (v). Statement (vi) follows from (v) and Proposition l2.4l □ 

Lemma 13.5. Suppose that P is elementary abelian and that s + t < 2 . Then \P\ < 4. 

Proof. Suppose s + t = 1; that is, T is a Sylow 2-subgroup of GLm{q'^'^) , where m = mi and d = di, 
and we have n = 2md or T is a Sylow 2-subgroup of GU„i((7'^), where m = rti and e = ei, and 
we have n — me. In the former case, if m = 1 then T is cyclic, hence \P\ < 2, so we may assume 
m > 2. If TO > 3, then since GLi(g^'') contains an element of order 8, by Lemma [13.31 (i), P has 
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an element of order 8, a contradiction. This contradiction shows m — 2. Thus n — Ad, and so T 
is a Sylow 2-subgroup of GL2(g^'^), and one easily checks that any elementary abelian subquotient 
of T has rank at most 2. In the latter case, again if m = 1, then T is cyclic. If m > 4, then by 
Lemma ll3.3l (ii), P contains an element of order 8, a contradiction. If m = 3, then by Lemma ll3.3l 
(iii), P has an element of order 8. But n = 3e is odd, and hence P = P. This contradiction shows 
that m = 2, and T is a Sylow 2-subgroup of GU2((7^). But any elementary abelian subquotient 
of T has rank at most 2. Now suppose that s + t — 2 and J2i + J2j "•j ^ 3. By Lemma [13.31 
(i), s = 0, whence t ^ 2. By Lemma 113.31 (ii), at least one of ni or n2 equals 1, say n2 = 1. If 
ni > 3, then by Lemma 113.31 (ii), P contains an element of order 8. I If 712 = 2, then by Lemma 
113.31 (iii), P contains an element of order 8. But in this case, n = 2ei + 62 is odd, which means 
that P = P, and hence P has an element of order 8. If ni = 1, then T is abelian of rank 2, hence 
P has order at most 4. Finally suppose that s + < = 2 and rrii + rij = 2. If s = 0, i = 2, 
then ni = 712 = 1; if s = 1, t = 1, then mi = ni = \ and if s = 2, i = 0, then mi = TO2 = 1- In all 
cases T is abelian of rank 2 whence P has order at most 4. □ 

Proof of Theorem \13.1\ This is immediate from the preceding lemmas. □ 

14. Orthogonal and symplectic groups in odd characteristic 

We show that blocks of orthogonal and symplectic groups with elementary abelian defect groups 
of order at least 8 are all nilpotent. 

Theorem 14.1. Let G he a quasi-simple finite group such that Z{G) has odd order and such that 
G/Z{G) is isomorphic to one o/PSp2„(g), n>2, Pri2n+i('7) , n > 3 or YTt^nio), n > 4 for some 
odd prime power q. Let b be a block of kG with elementary abelian defect groups of order 2'' for 
some integer r > 3. Then b is nilpotent. 

Notation. The group G will denote one of the groups in the above theorem. Further, we define 
L, Lq and G as follows. 

If G/Z(G) = PSp2„(<z), then L = Lo = Sp^Jq) and G = Sp^M- 

If G/Z{G) = Pr!2«+i('7), then L = 02„+i(g), Lq = S02„+i((z) and G = r!2„+i(g). 

If G/ZiG) = Pr!+ (g), then L = 0+ (g), Lq - SO+M and G = Q+M. 

If G/Z{G) = Pn^M, then L = O^M. ^0 = SO^M and G = 

So, G <\Lq<\L with the indices of the inclusions being 1 or 2 and G = GjZ where Z is a central 
subgroup of G of order 1 or 2. Let 6 be a block of kG and denote by P a defect group of b. Since 
Z is a central 2-subgroup, b is the image of a unique block b of kG, and the inverse image P oi P 
in kG is a defect group of b. Let do be a block of kLo covering b with a defect group Tq such that 
Tq n G = P. We note that the block b is Lo-stable (see [231 Corollary 6.4]) whence, do = b and 
Tq/P is cyclic of order [Lq : G] . Let d be a block of kL covering da — b and T a defect group of 
b containing Tq. As a byproduct of the Jordan decomposition of blocks (see Theorem llO.ip . there 
exists a semi-simple element s G Lq of odd order such that Tq is a Sylow 2-subgroup of Clo{s) and 
T is a Sylow 2-subgroup of Gl{s) (see [2j (5A)]). 

Lemma 14.2. If the defect groups of kLado are abelian, then kLado, kLd, kGb and kGb are all 
nilpotent blocks. 

Proof. Lq = L^, where Lq is a simple algebraic group of type B, C or D over and F : Lq — >■ 
Lq is a Frobenius endomorphism with respect to an Fq-structure on Lq. Thus, by Corollarv ll0.2| 
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kLgdo is nilpotent. Since G is a normal subgroup of Lq of index a power of 2 and do covers b, kGb 
is nilpotent. Since G is a quotient of G by a central 2-subgroup, and b lifts b, kGb is nilpotent. 
Finally Lq is of index 1 or 2 in L, and d covers dg, hence kLd is nilpotent. □ 

For the rest of this section s will denote a semi-simple element of odd order in Lq such that Tq 
is a Sylow 2-subgroup of Clo{s) and T is a Sylow 2-subgroup of Cl{s). 

Lemma 14.3. Suppose that G — PSp2„((7), n > 2. If P is abelian, then b is nilpotent. 

Proof. Note that G = [L, L] = Lq = L, G = L/Z, \Z\ = 2, and d = do = b. Further, by [33 
§1], and noting that s has odd order, the group H = Cl{s) is a direct product of groups Hi as in 
Lemma 111.21 with Hq Sj)2mQ il) ^'^"^ 

n = niQ + niidi. 

l<i<t 

The above decomposition of Gl(s) corresponds to the orthogonal decomposition of the underlying 
symplectic space as a direct sum of isotypic Fq[s]-modules (for instance, Hq corresponds to the 
1-eigen space of s). In particular, if the decomposition has more than one non-trivial factor, then 
Z n H^ = 1 ior all i, < i < t. We have T = Tq = P and P = T C] [L,L\/Z = T/Z. Suppose 
that P is abelian. If mp ^ 0, then by Lemma [11.2( 11*1 and (iv), mp — 1, H = Hq — Sp2(q). In 
particular, n = niQ = 1, a contradiction. Thus m,Q = 0. Suppose that mi — 2 for some i > 1. 
Then by Lemma [TOl t ^ \ and H = Gh2{q'^^) or Hi = GU2(V')- But as observed above, P is 
the quotient of a Sylow 2-subgroup of H by Z{H), and PGL2(g') and PG\J2{q') have non-abelian 
Sylow 2-subgroups for any odd prime power g', a contradiction. Thus mg — and m.^ < 1 for all 
i, 1 < i < t. In particular, H and therefore Tq is abelian. The result follows by Lemma [14.21 □ 

Before we proceed, we recall the structure of Gl(s) when L is an orthogonal group as described 
in [351 §!]■ Let V be an underlying F^- vector space for L, and let r : y — !• Fg be a non-degenerate 
quadratic form underlying L. So L — I{V), the subgroup of GL{V) consisting of isometrics with 
respect to r, Lq = Iq{V), the subgroup of I{V) consistsing of matrices of determinant 1 and 
G = n{V) — [I{V),I{V)]. Let Vq denote the 1-eigen space of s. The space V decomposes as an 
orthogonal direct sum 

V = Vq® i(Bi<^<tV^) 

where for i > 1, V^, is an isotypic Fq[s]-module, such that Vi and Vj have no common irreducible 
Fg[s]-summands ioi <i j < t and such that 

Cl{s) = 1[Cl{s) nGL{V,). 

i 

Here OiC'LCl^) is considered as a subgroup of GL{V) in the standard way. Further, setting 
H^ = Gl(s) n GL{Vi), we have that 

r Lr\GL{Vi) if i = 

\ GL^Mq"') if ^>1- 
Here for each i > I, 2dimi is the F^-dimension of Vi and Hq ~ I{Vo). Also, G {±1} and 
GL^^ie^q'^^) denotes G\Jn,{q'^') if = -1. If i > 1, then H^ < Lq. Thus, 

Gl„(s) = (i/oHLo) X Yl H,. 

l<i<s 
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For each i, < i < t, the restriction of r to Vi is non-degenerate. This form has maximal Witt 
index if e™' — 1 and is of non-maximal Witt index if e™' — —1. For 1 < i < t, let ti be the unique 
involution in the centre of Hi. As an element of GL{V), ti acts as —1 on Vi and as 1 on all Vj, 
j ^ i. Now G = [I{V),I{V)] is the kernel of the spinorial norm from Io{V) to FJ/F^^^ (ggg [jgj 
§2.7]). From this it follows that U e n{V) if and only if g'^'"' = e-"' (mod 4). We wiU use this fact 
in the sequel. 

Lemma 14.4. Suppose that G = V^l2n+i{q), n>?i and that P is elementary abelian with \P\ > 
8. Then b is nilpotent. 

Proof. Note that since the dimension of the underlying vector space is odd, G — G — [L^ L], G \s 
of index 2 in Lq and Lq is of index 2 in L. In particular, P — P. By Lemma [11.21 either mi — 2 
and mi = for all i different from 1, or all rui < 1. In the former case, again by Lemma [11.21 T 
is isomorphic to a Sylow 2-subgroup of a 2-dimensional general linear group. In particular, T has 
an element of order 8. Since T < L in this case, P is of index 2 in of T, hence P has an element of 
order 4, a contradiction. We assume from now on that all nii < 1. If mo = 0, then T and therefore 
To is abehan and we are done by Corollarv ll4.2l So, mo = 1, i.e. Hq = 03(9). Since n > 2, i > 1, 
i.e., mi 7^ 0. Let be the i-th component of T. We claim that T* ^ P for any i > 1. Indeed, 
suppose the contrary. Then = (ti) has order 2. In particular, this means that q'^' ^ (mod 4). 
But since m^ = 1, this means that ti ^ ^{V) and hence ti ^ P. This proves the claim. By Lemma 
111.21 T° n iJo is a dihedral group of order at least eight. Also, clearly T° n ffo < ^o- Since P is of 
index 2 in Tq, and since as just shown ^ P, it follows that P contains a subgroup isomorphic 
to n Hq, an impossibility as P is abelian and T*^ n SO^lq) is not. □ 

Lemma 14.5. Suppose that G — Pr2j„((7), or Pf22,i((7), n > 4 and that P is elementary abelian 
with \P\ > 8. Then b is nilpotent. 

Proof. We first consider G — Pr2^„((7). If mi = 2, then by Lemma lll.2r i) and (iii), mj = 
for j ^ i, Cl{s) ^ Hi = GL(eig'^i), where q = ±3 (mod 8) and di is odd. But g'*!™! = 1 = 
e™^ (mod 4), hence the central involution ti of Hi is in [L, L] and P is a subgroup of T / {ti). Since 
T/ {ti) is a dihedral group (see [H]), P has rank at most 2, a contradiction. Now suppose mo = 2. 
Then, = for all i > 1, and n = 2, a contradiction, as n is assumed to be at least 3. Thus, 
mi < 1 for all i. If mo = 0, then To is abelian and we are done by Theorem ll4.21 So, suppose that 
mi — 1. Then Ho ^ 0^(g) is a dihedral group and ffoHLo = SOj(g) is a cyclic group (see [39l 
§2.7]). Since Hi is also cyclic for all i > 1, To is abelian and we are done by Theorem 114.21 The 
proof for G — Pri^„((7) is similar. □ 

Proof of Theorem ] 1 4. 1\ This is immediate from the preceding lemmas. □ 

15. Type G2, ^6*2 and in odd characteristic 

Let q an odd prime power. The 2-rank of G2{q), ^62(9) and ^D4{q) is 3; see e.g. [371 §l]j [39l 
Theorem 4.10.5]. 

Proposition 15.1. Let G be a quasi-simple finite group such that Z{G) has odd order and such 
that G/Z{G) is simple of type G2{q). Then kG has no block with an elementary abelian defect 
group of order 8. 

Proof. This follows from [42|, where the 2-blocks of G are determined. Alternatively, one can 
use the arguments in [24l 12.2]: there is a unique conjugacy class of involutions m in G and by 
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[311 4.5.1], Cg{u) ^ Z{G)x (2.(PSL2((j) x PSL2(g)).2). The acting 2- automorphism in the second 
factor is inner-diagonal, hence stabihses any block of 2.(PSL2(g) x PSL2{q))- Thus a block of Cg{u) 
with elementary abelian defect group of order 8 would cover a block of 2.(PSL2(g) x PSL2((7)) with 
a Klein four defect group, whose image modulo the central involution would yield a block of 
PSL2((7) X PSL2((7) with a defect group of order 2. Any block of this direct product is of the form 
Co CE> ci, where cq, ci are blocks of PSL2((j'), so exactly one of cq, ci would have defect zero and the 
other defect one. But since any inverse image of an involution in PSL2((j') in Sh2{q) has order 4 
this is impossible. □ 

Proposition 15.2. Let G be a quasi-simple finite group such that Z{G) has odd order and such 
that G/Z{G) is simple of type ^6*2(9). The principal block bg is the unique block of kG having an 
elementary abelian defect P group of order 8, and we have |Irri<-(G', 6o)| — 8. 

Proof. The Sylow 2-subgroups of ^G2{q) are elementary abelian of order 8. The simple group of 
type '^G2{q) has trivial Schur multiplier, hence Z{G) — 1. In that case we have Nq{P) = P x i?, 
with E a Frobenius group of order 21 acting faithfully on P, and hence, by Brauer's First Main 
Theorem, the principal block 69 of kG is the unique block having P as defect group. By Ward's 
explicit calculations in 75 or Landrock's general results in [48l §3] we have |Irrj<-(G, 6o)| =8. □ 

Finally for the triality Z34-groups we have the following proposition due to Dcriziotis and Michlcr 
p9l Proposition 5.3] 

Proposition 15.3. Let G be a quasi-simple finite group such that Z{G) has odd order and such 
that G/Z{G) is simple of type ^Dilq). Let P be a defect group of some block ofkG. Then either 
P is non- abelian or P has rank at most 2. In particular, no block of kG has defect groups which 
are elementary abelian of order 8. 

16. Unipotent characters with small 2-defects 

Recall that the 2-defect of an irreducible character x of a finite group G is the largest integer 
d{x) such that 2'^'-^^ divides the rational integer . The notation of the finite groups of Lie type 
and the labelling of their unipotent characters due to Lusztig in the following two propositions are 
from the tables page 75/76 and pages 465-488 in Carter's book [20]. In particular, if X is some 
simple type we denote by X(q) the finite group of Lie type (that is, the group of fixed points in the 
algebraic group under some Frobenius endomorphism) . We will deviate from the notation of [20] 
in one respect, i.e., we will denote by ^Ai{q), ^Di{q), and '^1)4(9) the twisted groups denoted by 
'^Ai{q'^), '^Di{q^), and ^D4^{q^) respectively in [50]. For classical groups, we will also draw upon 
Olsson's treatment of the combinatorics of symbols [S3]. Given a positive integer n, let n+ denote 
as before the 2-part of n and n_ the 2'-part of n. So, n = n^n^, no odd prime divides n+ and 2 
does not divide n_. 

Proposition 16.1. Let q be a power of an odd prime r. Let {q — 1)+ = 2"^ and {q + 1)+ = 2'^. 

(i) Every unipotent character of Ai(q) has 2-defect greater than or equal to dl. If I -\- 1 is not a 
triangular number, then the 2-defect of any unipotent character of Ai{q) is at least dl + e >2 + 1. 
If I ^ then all unipotent charecters have 2-defect greater than or equal to 5. A2{q) has one 
unipotent character, x'"^''^^ of 2-defect 2d, all other unipotent characters have 2-defect 2d + e > 4. 
The 2-defect of any unipotent character of Ai(q) is d + e > 3. 

(ii) Every unipotent character of '^Ai{q) has 2-defect greater than or equal to el. If I -\- \ is not a 
triangular number, then the 2-defect of any unipotent character of '^Ai{q) is at least el -\-d > 2 + L 
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If ^ 3, then all unipotent characters have 2-defect greater than or equal to 6. ^^2(9) has one 
unipotent character, x^^'"^^ of 2-defect 2e, all other uniptent characters have 2-defect 2e + d > 4. 
The 2-defect of any unipotent character of ^Ai(q) is d + e > 3. (Hi) Every unipotent character of 

Bi{q) or Ci{q), l>2 has 2-defect at least 21 > A. 

(iv) Every unipotent character of Di{q) or ^Di{q), I > 4 has 2-defect at least 21 — 1>7. 

Proof We note that d + e > 3. 

(i) The unipotent characters of Ai{q) are parametrized by the partitions of / + 1. If a is a 
partition of I and is the corresponding unipotent character, then 

, _ {q-l)\Mq)\r^ 

^ n.(9''-i) 

where h runs over the set of hook lengths of a (see for instance [54, pp. 152-153]). Thus the 2-defect 
of y" is f where 2^ — ^^t-^^-tt-^- Since a has I + 1 hooks, the first assertion follows. If Z + 1 is not 
a triangular number, then at least one hook of a is of even length. So, {q^ — 1) divides g'' — 1 for at 
least one hook length h of a, whence / > {d -\- e) -\- d{l — 1) . Since 5 is not a triangular number, it is 
immediate from the first two assertions that any unipotent character of Ai{q), I > 4 has 2-defect at 
least 6. Any partition of 4 has two hooks of even length, hence / > 2{d-\- e) > 6. If a = (1, 1, 1) or 
a = (3), then the hook lengths of a are 1, 2 and 3 and it follows that f = 2d-\- e > 4. If a = (2, 1), 
then the hook lengths of a are 1, 1 and 3 and the 2-defect is 2d. Finally, if a = (1, 1) or (2), then 
the hook lengths are 1 and 2 and the 2-defect is d -I- e. 

(ii) The unipotent characters of '^Ai{q) are also parametrised by partitions of Z -I- 1. If x" is the 
character labelled by a, then 

I {q+irAiq)\r> 

^ n.((-'?)'' - 1) ' 

where h runs over the set of hook lengths of a (see ^53]). The assertions of (ii) follow as in (i). 

(iii) and (iv) Let G be one of the groups Bi{q), Ci{q), I > 2, Di{q), ^Di{q), I > A. In Lusztig's 
description, the unipotent characters are labelled using symbols. A symbol is an equivalence class 
[X, Y] of unordered pairs [X, Y] with X, Y (possibly empty) subsets of the non-negative integers. 
The pair is equivalent to [A"',F'] if and only if there exists an integer t such that either 
X = X'+* and Y ^ y'+* or X ^ Y'+* and Y = X'+*. Let [X, Y] be a symbol, X = {ai, 02, • • • , Ofc}, 
Y = {bi,b2, - ■ ■ : br}: with ai > a2 ■ ■ ■ > ak > and 61 > 62 > ■ • • &r > 0. The rank of [X, Y] is 
defined by 



rk[X,Y]^Y.-^ + Y.b,-[('l±^) 

i j 



where [x\ denotes the greatest integer less than or equal to x. Let c{X,Y) be defined by 

If X[x,Y] is the unipotent character of G indexed by the symbol [X, Y], then Tk[X, Y] = I and 

ixix.vmr' = 2^(^^n 0,(9'' -'1)0^(9'"+!) 

where h runs over the set of hooks of [X, Y] and h' runs over the set of cohooks of [X, Y] (see 
Proposition 5]). Let /i+[A', F] be the number of hooks of [A", F] and let /i~[A, F] denote 
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the number of cohooks of [X, Y] . Then by the character formula above it suffices to prove that 
ciX, Y) + h+[X, Y] + h-[X, Y] = 2(rk[X, Y]) in case G = Bi{q) or G = Ci{q) and that c{X, Y) + 
h+[X,Y] + h-[X,Y] = 2{rk[X,Y])-S, where 6 e {0,1} in case G = Di{q) or G = ^Di{q). By [H 
Equations 15, 16], 

(6) ;i+[X,r]=^a, + ^6,- 

i 3 

and 

(7) h-[X,Y]^^a,^^hj-kr+\Xr\Y\. 

i 3 

From these it is straighforward to check that 

c{X,Y) + h+[X,Y] + h-[X,Y]-2{rk[X,Y]) = Q 

if either fc — r is odd oy X = Y and 

c(X, Y) + h+[X, Y] + h- [X, Y] - 2(rk[X, y]) = -1 

if fc — r is even and X ^Y . The resuh foUows since if G = t^iisi) or G = Giici) then fc — r is odd 
and if G = Di{q) or G = ^^'/(g) then fc - r is even (see [20l Section 13.8]). □ 

Proposition 16.2. Let q he an odd prime power. 

(i) G2{q) has two unipotent characters of2-defect 0, (labelled G2[d], G2[0'^]); if q ^ 1 (mod 4) then 
G2{q) has two unipotent characters of 2-defect 3 (labelled G2[l], G2[— l]j, and if q = 3 (mod 4) 
then G2{q) has one unipotent character of 2-defect 3 (labelled ^2,2)- In both cases, all remaining 
unipotent characters of G2{q) have 2-defect at least 4. 

(a) ^G2{q) has two cuspidal unipotent characters of 2-defect 0, four cuspidal unipotent characters 
of 2-defect 2, and the remaining two unipotent characters have 2-defect at least 4. 

(Hi) F/^iq) has two unipotent characters of 2-defect (labelled Fj^[ff\, F4[0'^]), and two unipotent 
characters of 2-defect 5 (labelled F4\i], F4\~i]). All other unipotent characters of F4^{q) have 2- 
defect at least 7. 

(iv) Ee^q) and'^E^iq) each have two unipotent characters of 2-defect (labelled Eq[9], Eq[6'^] in the 
case of Eg^q) ), and all other unipotent characters have 2-defect at least 8. The unipotent characters 
of defect of EQ{q) each have degree ^q'^^^(q)^2{Q)^4{Q)^5{Q)^8{'l) ^.nd the unipotent characters 
of defect of^Ee{q) each have degree (g)$|(q)$|(9)$8(g)*io('Z)- 

(v) E'j{q) has four unipotent characters of 2-defect d > i, labelled {Eq[9],1), (i?6[^^],l), {EQ[9],e), 
{Ee[e\e), where 2"^ is the largest power of 2 dividing q^ — 1. These characters each have degree 

(5)$^((7)$|((7)$5(q)$7(q)$8(g)*I'io('7)$i4('7)- Furthermore, Ei{q) has exactly two unipotent 
characters of 2-defect 8 (labelled E'j[^], E-![—^] if q = 1 mod 4 and <i>5i2^ii, $512,12 if<l= 3 mod 4^; 
all other unipotent characters have 2-defect at least 14. 

(vi) Es{q) has four unipotent characters of 2-defect (labelled Es[(!^], EsK"^], Es[C'^], EslC"^]), four 
unipotent characters of 2-defect 3 (labelled Eg,[0], Es[d'^], Eg,[~9], Eg,[-~0'^] if q = 1 mod 4, and 

(£;8[6'],*2,i); {Eii[9\<^2.i), {E^[e],^'2^2)^ {E%[0\^'2^2) */ ? = 3 mod A); all other unipotent 
characters have 2-defect at least 5. 

(vii) ^Dii{q) has two unipotent characters with 2-defect 3, two unipotent characters with 2-defect 
at least 5, and four unipotent characters with 2-defect at least 6. 
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Proof. One proves this by first expressing the group orders given in [201 PP- 75-76] as products of 
cyclotomic polynomials evaluated at q. Then, for any of the above groups G and any unipotent 

G 

character $ of G one calculates the 2-part of by running through Lusztig's lists of character 
degrees of unipotent characters in [20l pp. 477-488], observing that the only cyclotomic polynomi- 
als $d which occur in these character degrees for which ^d{q) is even, are those for d £ {1, 2, 4, 8}. 
While the 2-part of $4(5) and ^siq) is exactly 2, the 2-part of $i(q)$2('?) = - 1 is at least 8, 
possibly bigger, which accounts for the inequalities in the above statements. □ 



17. Type F4 

Proposition 17.1. Let G be a quasi-simple finite group such that Z{G) has odd order and such 
that G/Z{G) is a simple group of type F4^{q), where q is an odd prime power. If kG has a block 
h with an elementary abelian defect group P of order 8, then either |Irr;f(G, &)| = 8 or OGb is 
Morita equivalent to a block of OL of a finite group L such that \L/Z{L)\ < \G/Z{G)\. 

Proof. Here Z{G) = 1 and G = G^, where G is a simple algebraic group of type F4 over and 
F : G — 7> G is a Frobenius morphism with respect to an F^-structure on G. Let [t] be the semi- 
simple label of b (see fTO|) and let C{t) :— Cg' (t)- Suppose first that C{t) is contained in a proper 
Levi subgroup of G*. Then by the Jordan decomposition of blocks (see i?TO|). there exists a proper 
f -stable Levi subgroup, L such that the block OGb is Morita equivalent to some block of Oli^ . 
Since L is a proper Levi subgroup of G, \'L{t)^ /Z{L{t)^)\ is strictly smaller than \G/Z{G)\. Hence, 
we may assume that i is a quasi-isolated element of G*, i.e. that C{t) is not contained in any proper 
Levi subgroup of G*. Since Z{G) is trivial, C{t) — C°{t), hence t is even isolated in G*, i.e C°{t) 
is not contained in any proper Levi subgroup of G*. From the tables describing centralisers of 
semi-simple elements in groups of type F4 in |72], (see also the tables in [28]) one sees that C°{t)^ 
is isomorphic to one of ^4(9), Bi{q), Gsiq) x Ai{q), ^3(9) x Ai{q), ^A 3(g) x ^1 (17), ^ 2(9) x ^2(9) 
or 2^2(9) x 2^2(9) (and Z°{C°{t)) = 1). By (P), (g]) and Propositions [TFT] and [lU the 2-defect 
of any element of £{G^,[t]) = £{G^,{t)) is at least 4, whence £{G'^,{t)) nlrrx(G,fe) = 0, a 
contradiction. □ 



18. On characters of small defect in type E groups 
We use the notation of flOl 

Proposition 18.1. Suppose that G is simple, simply connected of type Eq, and G^ is a group 
of type E(,{q). Let s be a semi-simple element of G*^ and let x £ Ii'ri4:(G) H £(G^, [s]). Let \, 
X' and A correspond to x in mO\ Suppose that the 2-defect d{x) of x is at most 3. Then 
is 1 or 3, — (see notation after in ^10\) and s, x ^.''^d A satisfy one of the rows in the 
following table. 
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-ffere — ^dil) denotes the d-th cyclotomic polynomial over Q evaluated at q. The non-blank 
entries of the third column are to be interpreted as C°(s)'^ being a group of the given type, and 
do not specify the isomorphism type o/C°(s)'^ . 



Proof. Let s, x, A be as in the statement. The group C(s)/C°(s) is isomorphic to a subgroup of 
IrrQ_^, {Z{G)/Z°{G)) (see for instance [26l Lemma 13.14(iii), Remark 2.4]). The first two assertions 
follow since Z{G)/Z°{G) is a cyclic group of order 3. 

We will use (jlj, and Propositions 116.1) and II 6 .21 in conjunction with the tables giving connected 
centralisers of semi-simple elements in groups of type EQ(q) in |28j in order to identify the Ag, 
C°(s)^ , z{s) and A entries of a row in the table. Once these have been identified, the ^^^^ entry 
of the row is calculated using ([3]), the degree formulae for unipotent characters as given in [20l 
§13.8] and the order formulae for the finite groups of Lie type (see [20i pp. 75-76]). The last two 
entries are obtained by comparing ^^^^^ with JG''^]. We note here that 

The connected components of are of type Ai, I > 1, D4, D5, or Eq. If A^ has a component of 
type Eq (and in particular is a single component), then s is central in G*, z{s) = 1 and A is one 
of the unipotent characters Eq[9] or -Eei^'^] of EQ{q) as in Proposition 1 16. 21 Both Eq[9] and -Eei^'^] 
have degree |g^$f $|<I>4<I>5<I>8, hence s, and A are as in the last row of the table. 

Assume from now on that the components of As are of classical type. So C°(s)^ is a direct 
product of groups Ai{q^), I > 1, '^Ai{q^), I > 2, Di{q^), '^Di{q3), I > 4 or ^D^q). By Propositions 
116.11 and 116.21 the 2-defect of any unipotent character of a group Ai{q^), I > 1, '^Ai{q^), I > 2, 
Di(q^), '^Di{q^), I > 4 or ^Di{q) is at least 2. On the other hand, by (HI, A has 2-defect at most 
3 (note that =0). Thus, the connected components of A(s) form one orbit under the action 
of F* , and in particular are all pairwise isomorphic. It also follows from Proposition 116.1] that the 
connected components are not of type or of type A;, Z > 3. 
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Let j be the number of connected components of . We claim that the connected components 
of As are not of type Ai. Indeed, assume otherwise, so C°(s)'^ — Ai{q^). By Proposition ll6.1f i)- 
(ii), every unipotent character of Ai{q^) or '^Ai{q^) has 2-defect at least 3. Thus, by Cs = 0. 
But by 28 , whenever A^ is of type jAi, Cs > 1, proving the claim. 

Suppose that the connected components of A^ are of type A2, 1 < j < 3. If j = 3, then by |28| . 
C°(s)'^' — ^2(5^), z{s) = 1, and by Proposition 116. If i). A is the character x^^'^'- By the hook- 
length degree formula for unipotent characters of groups of type A (see the proof of Proposition 
Mi)), 

^ {q'-l)\A,{q^)\ ^ \A,{q^)\ 
(g9 - l)(q3 - 1)2 $2a,2$g' 

we see that s and x are as in row (xvii) of the table. If j = 2, then by ^28j, C°(s)'^ (s) = A2{q'^), 
whereas by Proposition [163] any unipotent character of A2{q'^) has 2-defect at least 6 (note that 
(g^ — 1)+ > 8). Thus this case does not occur. 

If j = 1, and C°(s)'^ = ^2(9), then Cs < 1, hence by [28], z{s) is (g^ + g + 1) and s and x are 
as in row (xi) of the table. If j = 1, and C°(s)'^ = ^^2(5), then Cs < 1, hence by [28], z{s) is 
{q^ + q^ + 1) and s and x are as in row (xii) of the table. 

Suppose that the connected components of As are of type D4, so j — 1. By Proposition ll6.1( iv). 
and by [55], C°(s)'^* = ^D4q) and z{s) = q'^ + q + I. By Proposition [Tn^^vii) A is one of 02,2 or 
02,1 if g = 3 (mod 4) and A is one of ■^Z?4[— 1] or ''-D4[l] ii q = 1 (mod 4). Hence, x, s and A are 
as in lines (xiii)-(xvii) of the table. 

Finally assume that C°(s) is a torus, so C°(s)' and A are trivial. By Q we have z{s) — d{x) < 3. 
An inspection of [5H] yields that z{s) is as in the first ten rows of the table. □ 

Proposition 18.2. Suppose that G is simple, simply connected of type Eq, and is a group 
of type '^EQ[q). Let s he a semi-simple element of G*^ and let x G ^^(6*) H £{G^ , [s]). Let A 
correspond to x o-s in ^B^. Suppose that the 2-defect d{x) of x most 3. Then is 1 or 3, 

— and s, x ^.''^d A satisfy one of the rows in the following table. 
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Proof. This is exactly as in the proof of Proposition llS.li replacing q by ~q and noting that this 
switches the roles of the pairs $i and $2, ^3 and $6: '^5 and $10, and $9 and $ig. □ 

19. Type E in odd characteristic 

Let q be an odd prime power. We do not know whether there are any blocks with elementary 
abelian defect group of order 8 in type E over a field of odd characteristic - the next result says 
that if there is such a block, it is either nilpotent or its inertial quotient has order 7. 

Proposition 19.1. Let G be a quasi-simple finite group such that Z[G) has odd order and such 
that G/Z(G) is a simple group of type EQ{q), '^EQ{q), Ei{q) or Eg,(q). If kG has a block b with 
an elementary abelian defect group P of order 8, then the inertial quotient of b is either trivial (in 
which case b is nilpotent) or has order 7. 

Proof. It suffices to show that if w g P is an involution and if e is a block of kGoiu) with defect 
group P then e is nilpotent. Indeed, there are non-nilpotent (G, 6)-Brauer elements if and only 
if the inertial quotient of b has order 3 or 21. The pattern of the proof is this: using the lists of 
centralisers in [39, 4.5.1, 4.5.2], we show that in 'most' cases, Gg{u) has a direct factor of the form 
2.H.2 for some finite group H. As in [24], this means that 2.H is a central extension of H by an 
involution such that 2.H is contained as a subgroup of index 2 in 2.H.2, and an automorphism 
a of 2.H induced by conjugation with a 2-element a in 2.H.2 — 2.H has an image a in the outer 
automorphism group of 2.H of order 2. Using [231 6.4] and again ^39j 4.5.1, 4.5.2], we will then 
show that a stabilises all blocks of H, implying that a is contained in a defect group of any block, 
and so any block of 2.H.2 with an elementary abelian defect group P is necessarily nilpotent, 
because its image in H.2 is a block with a Klein four defect group which is also a 2-extension of a 
block of H with a defect group of order 2. Here are the details for the different groups; this follows 
arguments in [231 §12]- AH group theoretic facts about centralisers of involutions are from [521 §4]- 

Suppose that G/Z(G) is of type EQ{q). There are two classes of involutions in G, with rep- 
resentatives ti, t2. li u — ti then Cg{u) has a central cyclic subgroup of order gcd(4,(7 — 1), 
hence g = 3 (mod 4) since P has exponent 2. Then Gg{u) = 2.POio(g).2 x C(q_i)/2. The au- 
tomorphism a of Priio as constructed above is inner diagonal, hence [M! 6.4] implies that it is 
contained in a defect group of any block of Gg{u). Thus any block of Gg{u) with P as defect 
group is nilpotent by the argument outlined at the beginning of the proof. If it = i2 then Gg(u) = 
2.(PSL2(q) X Z{N).PSLQ{q)).2. Again, a is inner diagonal on both factors, and so the same 
argument using [24l 6.4] shows that any block of Cg{u) with defect group P is nilpotent. 

Suppose that G/Z{G) is of type ^EQ{q). There are two classes of involutions in G, with repre- 
sentatives ti, t2. li u = ti then Gg{u) has a central cyclic subgroup of order gcd(4, q + 1), hence 
g = 1 (mod 4) since P has exponent 2. Then Cg{u) = 2.PfliQ{q).2 x G(q+i)/2. If m = ^2 then 
Cg{u) = 2.{PSL2{q) x {3,q+ 1). PSU6(g)).2, and the same argument as for EQ{q) shows that in 
both cases, any block of kCciu) with defect group P is nilpotent. 

Suppose that G/Z{G) is of type E7{q). In that case Z{G) — {1}, so G is simple, but the 
finite group of Lie type Ei{q) is a central extension of G by an involution. Let E = Inndiag(G); 
then \E : G\ — 2. Table 4.5.1 in 39^ describes Ge{u), for any involution u in G, and invo- 
lutions in G which are £^-conjugate will have isomorphic centralisers in G. There are five E- 
conjugacy classes of involutions in G, represented by ti, ^4, ^4, tj and iy. E u — ti then Ge{u) = 
2.(PSL2(q) x Pr2i2(<7)).(G2 X G2), so our standard argument implies that any block of Gg{u) with 
P as defect group is nilpotent. li u = ti then g = 5 (mod 8) (else ^4 is non- inner), and Ge(u) = 
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2. PSL8((7).Cg(.d(8,g-i) -Tj where 7 is a graph automorphism. It follows from considering the ta- 
ble 4.5.2 in [3^ applied to the inverse image of u in Ej{q) that 7 is not in G, hence Cg(u) = 
2. PSL8((7).Cgcd(8.5-i)- Since gcd(8,g — 1) is at least 2, we get again that any block of Cg{u) 
with P as defect group is nilpotent. li u ~ t'^ then q = 3 (mod 4) (or else t'^ is non-inner) and 
Ce{u) = 2.PSU8(g).Cgcd(8,q-i)-7- As in the previous case we get Cg{u) = 2.PS\Js{q).Cgcd{a,q-i), 
and thus that any block of Cg{u) with P as defect group is nilpotent. li u = tr then q = 1 (mod 4) 
and Csiq) = (gcd(3,(7 — l).EQ{q).i * Cq_i).2, and hence, by an argument as before (using [321 
4.5.2]), we get that Cg{u) = {gcd{3,q — l).Ee{q).3 * Cq-i). This shows that Cg{u) has a nor- 
mal cyclic subgroup of order 4, hence has no block with P as defect group. Similarly, if u = 
then q = 3 (mod 4) and CE{q) = (gcd(3,g -I- l).^EQ{q).3 * Cq+i).2; as above we get Cg{u) = 
(gcd(3, (7-fl).^i?6('z)-3 * Cq+i). This shows that Cg{u) has again a normal cychc subgroup of order 
4, hence has no block with P as defect group. 

Suppose finally that G/Z{G) is of type E^{q). Then Z{G) = {1} and G has two conjugacy classes 
of involutions, with representatives ti_ and tg- Their centralisers are isomorphic to 2. Pf2i6(g).2 and 
2.(PSL2((7) X Ei{q)).2, where ET{q) is the simple quotient of E7{q). In both cases our standard 
argument shows that every block with defect group P is nilpotent. □ 

Notation. For each n > 2, let pn be a Zsigmondy prime for the pair {q,n), i.e., pn is a prime 
number such that p„ divides g" — 1 but pn does not divide g"* — 1 for any m < n. Such p„ exist by 
Zsigmondy's theorem (see [Ml Theorem 3]), and note that q is odd and that n is assumed greater 
than 2. Since q has order n modulo p„, if p„ divides ^dil) for some natural number d then p„ 
divides q"^ — 1, whence n\d. 

Proposition 19.2. Let G be a quasi-simple finite group such that Z{G) has odd order and such 
that G/Z{G) is a simple group of type Ee{q). If kG has a block b with an elementary abelian defect 
group P of order 8, then either jlrr^f (G, 6)| = 8 or OGb is Morita equivalent to a block of OL of 
a finite group L such that \L/Z{L)\ < \G/Z{G)\. 

Proof. The centre Z{G) has order 1 or 3 and we may assume without loss of generality that Z{G) 
has order 3. Hence G = , where G is a simply connected simple algebraic group of type Eq 
over ¥q and _F : G — ^ G is a Frobenius morphism with respect to an F^-structure on G. Keeping 
the notation of the previous section let [t] be the semi-simple label of b. Arguing as for Proposition 
117. 1[ we may and we will assume that t is quasi-isolated. Suppose, if possible that \1ttk{G, b)\ ^8. 
By Propositions 13.31 and 119. 1[ 

\lTTK{G,b)\ = 5 and ^^(0,6) = {xj, 1 < j < 5} 

where Xi has height one and Xj has height zero for 2 < j < 5. For each j, 1 < j < 5, let 
Sj be a semi-simple element in G*^ such that Xj S ^(G, [sj]). By [THl Theoreme 2.2], for any 
1 ^ J ^ 5j can be chosen to have the form sj = tuj, where Uj is a 2-element of C{t)^ . 
Since C{t)/C°{t) has exponent dividing the order of t, (see for example '26', Remark 13.15 (i)]), 
Uj £ C°{t)^ . In particular, the connected components of A^^ are subdiagrams of the extended 
connected components of A^. Here, by an extended Dynkin diagram we mean a completed Dynkin 
diagram in the sense of 9, Chapter 6, §4.3]. 

Since t is quasi-isolated and has odd order, by [71 Table HI], At is one of Eq, A2 x A2 x A2, or 
D4. On the other hand, since £{G, [t]) Irr^c (G, b) ^ 0, £{G, [t]) and hence £{G, (t)) contains an 
element of 2-defect 2 or 3. By Equation [4] and Proposition [1831 it follows that Cait)^ contains a 
unipotent character of 2-defect at most 3 and at least 2. Now if At is of type Eq, then t is central 
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in G*, i.e. Cg(0^ = ^^{q). But by Proposition 116.21 the 2-defect of a unipotent character of a 
group of type E(,{q) is either or at least 8, a contradiction. 

Suppose that At = 3^2. Then, since Cc,{t)°^ contains a unipotent character of 2-defect 2 or 3, 
we see that t is as in row (xvii) of Table [TSTI But since the characters corresponding to (xvii) have 
2-defect 2, it follows by Proposition 13.31 that ui = 1 and that Uj is non-trivial for all j, 2 < j < 5. 

Let 2 < j < 5. Since the 2-defect of Sj is 3 and since A^. is not of type D/^ or Eq, CG*{sj)° is a 
torus corresponding to rows (iii), (iv) or (v) of Table [T5TT] In particular, $9(5) and hence pg is a 
divisor of Xj(l) for all j, 2 < j < 5. On the other hand, xi corresponds to row (xvii) of Table [T01 
and we see that pg does not divide Xi(l)- Hence, pg does not divide 2xi(l) — J22<j<5 ^jXji^)- In 
particular, 2xi(l) — J22<j<5 ^jXji^) 0; contradicting Proposition I3.3r ii) . 

So At = D4. Let jo be such that Sjg ~ t, 1 < jg < 2. Then t corresponds to one of rows (xiii)- 
(xvi) of Table [T01 Since the characters corresponding to these rows have 2-defect 2, jg > 2, say 
jo = 2. Let us first consider the case that X2 corresponds to row (xiii) of the table, so g = 3 (mod 
4) and let Z, 3 < Z < 5 be such that (s;, xj) also corresponds to row (xiii) of the table. Then semi- 
simple part of Cg'(s/)°, and hence of Cc^,{t)°{ui) is of type D4. Thus ui is central in CG*(i)°- 
Since ui is a 2-element, and Ct is odd, we get that ui is a central element of [Cg* (i)°; C'g* (i)°]- 
But the group '^Di{q) has a trivial centre, hence ui — 1. Thus, if (s/,x;) corresponds to row (xiii) 
of Table [TH31 then [s;] = \t\. By [7], Ms quasi-isolated but not isolated and CQ,'{t)° is of index 3 
in Cg* {t)- Since 02, 1 is the unique unipotent character of its degree in '^D^iq), 02, 1 is stable under 
Cgf* (t) and hence there are three possibilities for x/, each of degree 

5 = \q''^^\{q)^\{q)^l[q)^^{q)^B{q)M<l)'^i2{q)- 

Let xi — '^2<i leqb ^iXi bc the element of L^{G, h) as in Proposition 13.31 Then, 5i = 82- Thus, 
from the degree formula above, it follows that <5iXi(l)j where i ranges over the indices for which 
Si corresponds to row (xiii) of Table 118.11 is not divisible by the Zsigmondy prime pg (note that 
the number of such indices is at most 3). 

Now let j, 1 < j < 5 be such that Sj does not correspond to row (xih) of Table [T8T] Since 9 = 3 
(mod 4), and As^ is a subdiagram of the extended Dynkin diagram of At, (sj,Xj) corresponds to 
one of rows (i), (ii), (iii), (iv), (v), (xi), or (xiv) of Table [T8T] In particular, from the character 
degree column of Table [T5TT1 we see that Xj(l) is divisible by pg for any such j. Hence, 2xi(l) — 
^2<i<5 '5iXi(l) is not divisible by p^, a contradiction. 

We get a similar contradiction if (i, X2) corresponds to row (xvi) of Table 118.11 and with pq 
replaced by pi2 if (i, X2) corresponds to row (xiv) or row (xv) of Table [T8T] □ 

Proposition 19.3. Let G he a quasi-simple finite group such that Z[G) has odd order and such 
that G/Z[G) is a simple group of type ^E^lq). If kG has a block b with an elementary abelian 
defect group P of order 8, then either \lTTK{G,b)\ = 8 or OGb is Morita equivalent to a block of 
OL of a finite group L such that \L/Z{L)\ < \G/Z{G)\. 

Proof. This is as the proof of Proposition 119. 2[ with the roles of q and — g suitably reversed. □ 

Proposition 19.4. Let G be a quasi-simple finite group such that Z[G) has odd order and such 
that G/Z{G) is a simple group of type ET{q). Suppose that kG has a block b with an elementary 
abelian defect group P of order 8 such that |Irrii'(G', &)| 7^ 8. Then, there exists a finite group L 
with \L/Z[L)\ < \G/Z(G)\ and a block c of OL with elementary abelian defect groups of order 8 
and such that |Irrif(L,c)| 7^ 8. 
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Proof. First note that Z{G) — 1 and that G ~ G/{z), where G = for a simply-connected 
simple algebraic group G of type i?7, F : G — > G is a Frobenius morphism with respect to an 
Fq-structure on G, and (z) is the central subgroup of order 2 of G. Let b be the block of OG 
lifting b and let [t] be the semi-simple label of b. 

Suppose first that t is not a quasi-isolated element of G*. Then, arguing as for Proposition 
117.11 there exists a proper F-stable Levi subgroup L of G, and a block c of OL^ such that OG^b 
and Oh^c are Morita equivalent. Noting that z 6 L^, set L = L,^ /{z) and let c be the image in 
OL of c. By Proposition 13.51 the defect groups of c are elementary abelian and c does not satisfy 
Alperin's weight conjecture. Since 

\L/ZiL)\ <L = ^<i^ = |G| = \G/ZiG)\, 

the result follows. 

We assume from now on that t is quasi-isolated in G* . Before proceeding we note that since t 
has odd order, Cq, (i) is connected and hence t is in fact isolated. By table III of [7], and using 
that t is of odd order, we get that either t = 1 and the Dynkin diagram At corresponding to C(^{t) 
is of type Ey or t has order 3 and At is of type A2 x ^45. Since there is an ordinary irreducible 
character of b in the £{G^, [t]), it follows from Equation © in gTUlthat {C^.,{t)/Z{C^,{t)))^' 
has a unipotent character of defect at most 4 (note that b has defect groups of order 16). By 
Proposition 116. ll it follows that At is not of type A2 x A5. So, Af is of type E^, i.e., 5 is a 
unipotent block. But the defect groups of all non-principal unipotent blocks of G''^ which are not 
central in G^ are dihedral groups {[S^, p.357]). On the other hand, a defect group of 6 is a central 
extension of an elementary abelian group of order 8 by a group of order 2, a contradiction. □ 

Proposition 19.5. Let G be a quasi-simple finite group such that Z(G) has odd order and such 
that G/Z{G) is a simple group of type Eg,(q). Suppose that kG has a block b with an elementary 
abelian defect group P of order 8 such that |Irri<-(G, 6)| 7^ 8. Then, there exists a finite group L 
with \L/Z{L)\ < \G/Z{G)\ and a block c of OL with elementary abelian defect groups of order 8 
and such that |Irrif(L,c)| 7^ 8. 

Proof. Note that G = G^ for a simply-connected simple algebraic group G of type Es, and 
F : G -> G a Frobenius morphism with respect to an F^-structure on G. Let [t] be the semi- 
simple label of b. Again, the Bonnafe-Rouquier result allows us to reduce to the case that i is a 
quasi- isolated (hence isolated) element of G*. By the tables in [27], one sees that At is one of 
A4 X A4, A5 X A2 X Ai, Ai X Ai, As, D5 X A3 , Ds, Eq x A2, Er x A\ or E%. Using as before that 
(Cg* {t)/Z{GG' (t)))^ has a unipotent character of defect at most 3 (see Equation ((3]) in fTO|) and 
Propositions 116.11 and we have that At is one of Eg x A2, or Fg. By [3D1 p. 364], the defect 
groups of any unipotent block of positive defect of G have order at least 16 hence At is not of type 
Es. 

Suppose that Aj is of type Fg x A2 and set C = Cc<.{t). Since C is connected and has 
centre of odd order, by Propositions 1 1 6 . 1] and 116.^ and the discussion preceding Proposition ll8.ll 
C-'^ has no unipotent character of defect 3, and at most one unipotent character of 2-dcfect 2 
(corresponding to the product of the unipotent character of 2-defect 2 of A2{q) or '^A2(q) and a 
unipotent character of 2-defect zero of Ee{q) or '^Ee{q)). We have \lirK{G,b)\ ~ 5 and can write 
lri-K{G, b) — {xj, 1 < i < 5} as in Proposition 13.31 For each j, 1 < j < 5, let Sj and Uj be as in 
the proof of Proposition 11 9. 21 Let jo, 1 < jo < 5 be such that Xjo is in the rational series indexed 
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by By the above discussion jo = 1 and xi is the unique character of b in the rational Lusztig 
series corresponding to [t\. In other words, Uj is a non-trivial 2-element for 2 < j < 5. 

Let 2 < j < 5. Set Cj = Cc-isj) = C°^,{sj), Zj = Z(Cg-(sj)) and = Cj/Zj. Set 
Zj = |Zj^ I and let Q be defined by 2^^ = Zj^. Further, let Xj be a unipotent character of Cj 
corresponding to Xj as in the discussion preceding Equation SI i.e., such that 

(8) ^^«(^)^;jff^^^-(^) 
and 

(9) Q+d{T,)^3 

where d{Tj) is the 2-defect of tj. We have that C := Cq. (t) ~ X.Y where X is a simply connected 
group of type A2 and Y is a simple group of type E'g, X and Y commute and intersect in a central 
subgroup of order 3. As Uj is a non-trivial i^*-stable 2-element, there are unique F*-stable 2- 
elements wi £ X, U2 £ Y, at least one of which is non-trivial and such that Uj — V1V2, 

Cg-'{sj)=Cx{vi)CW{v2) 

and CG,{sj)^ contains Cx.{vi)^ C^{v2)^ as a normal subgroup of index 3. 

In particular, {vi,V2) is a central subgroup of CG*(sj)^ . Since the centre of CG*{sj)^ is 
contained in the kernel of any unipotent character of Cq* (sj)^ it follows that the product of the 
orders of vi and V2 is at most 8. 

First suppose that both Cx(wi) and Cy{v2) are tori. Then, both vi and V2 are non-trivial. On 
the other hand, the product of the orders of vi and V2 is at most 8, hence at least one of vi and 
V2 has order 2. But the centraliser of an element of order 2 in a simple algebraic group of type A2 
or Eq is not a torus (see [39l Table 4.3.1]), a contradiction. 

Suppose that neither Cx(wi) nor Cy{v2) is a torus. We have 

C, = Cx(«i)/^(Cx(«i)) X C^{v2)/Z{C^{v2)). 

Hence, Xj = (pi x <j>2, where 0i is a unipotent character of Cx{vi) /Z{Cx{vi))^ and cf)2 is a 
unipotent character of C\- {V2) / Z {Cy {v2))^ , such that the sum of Q and the 2-defects of </>! and 
02 equals 3. Since the only subdiagrams of the extended Dynkin diagram of type A are of type 
A, it follows from [37] and Propositions 116. J] and that either Aj is Ai x Eq, and Q has odd 
order or Aj is A2 x Eq and Q has even order. But by [27j, there are no such Sj. 

Thus, exactly one of Cx(wi) or Cy{v2) is a torus. Then > {vi is a 2-element) so by Equation 
([9]), the 2-defect of Xj is at most 2. From Propositions 1 1 6 . ll and 1 1 6 . 2| it follows that either Aj is a 
product of copies of A2 transitively permuted by F* or is of type Eq. 

If Aj is a product of copies of A2 transitively permuted by F* , then by the tables in [27] , one 
sees that either Q = or Q > 2, whence by Equation (|9]), Aj has 2-defect 3 or at most 1. This is a 
contradiction as any unipotent character of A2((;™) or ■^A2(q™) has 2-defect 2 or greater than 3. 

If Aj is of type Eq, then Aj has 2-defect 0, whence the Sylow 2-subgroups of Zj^ have order 8. 
Since Aj is a subdiagram of the extended diagram associated to A2X Eq, it follows that Cx(wi) is a 
torus and that the Sylow 2-subgroups of Cx(wi)^ have order 8. From [57] (or from the description 
of F*-stable maximal tori in type A2), it follows that |Cx(wi)^ | is one of {q^ — 1), {q ± 1)^, or 
(g^ ± g + 1). Thus the only possibility is that |Cx('Ui)^ I = (9^ ^ 1) and 8 is the highest power of 
2 dividing — 1. 
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First suppose that is of type E^lq) or ^2(9). Then is of type Ee{q) for aU j, 2 < j < 5. 
By the formula for the character degrees of unipotent characters of 2-dcfect of Eg (q) , we get that 
for ah j, 2 < j < 5, 

Here, as before, we use $(j to denote ^d{q)- 

The unipotent character of defect 2 of ^2(9) is of degree q{q + 1) whence 

(11) »(i) = + 1),'*!*^*?*.*, = 3ig'r/'"-l?*°*' - 

3|£^6(g)||^2w)| 3|£:6(g)| ^3 

Consider the element 2xi — X)2<j<5 ^jXj of L^{G, b) as in Proposition I3.3r ii) . By the equation 
above, all Xjj 2 < j < 5 have the same degree. Hence, by Proposition I3.3f iii) . Sj — Si for all i,j 
such that 2 < i, j < 5. Thus, 

2x1 (1)- '5^X,(1) = 

2<J<5 

implies that 

gr$2 -2(52$!$^ =0, 

but this is impossible since ps does not divide $2('z)- 

The case that is of type EQ{q)A2{q) is similar with replaced by p^. □ 



20. Proof of Theorem 11.11 

Proof of Theorem \l.l\ By Theorem lS.l) and using its notation, it suffices to show that |Irrx(G, h) \ = 
8. Arguing inductively, in order to prove Theorem 11.11 we may assume, by Theorem 14.11 that G 
is a quasi-simple finite group with a centre of odd order. We also may assume, by |48[ Theorem 
3.7], that & is a non-principal block. If G/Z{G) is a sporadic simple group then by Proposition [6?2] 
we have G = C03 and by Proposition 16. 3| we have llrr^f (G, 6)| = 8. By the results in §ij7]and|8l 
G / Z{G) is neither a finite simple group with an exceptional Schur multiplier nor an alternating 
group. If G/Z{G) is a finite group of Lie type in characteristic 2 then, by Proposition 19.11 we have 
G = PSL2(8) and b is the principal block; in particular, we have again jlrri^ (G, 6)| = 8. Let q 
be an odd prime power and n a positive integer. By Theorems 112.11 and 113. 1[ the group G/Z{G) 
cannot be isomorphic to PSL„(q) or PSU„(g); alternatively, |Irrif(G, fe)| = 8 holds in these cases 
as a consequence of [6]. If G/Z{G) is isomorphic to one of PSp2„((;), {n > 2), Pr22ra+i('?), {n > 3), 
or Pn^^(g), (n > 4) then, by Theorem 114.11 the block b is nilpotent; in particular, |Irri<-(G, 6)| = 
8. By Proposition ll5.ll G/Z{G) cannot be isomorphic to a simple group of type G2{q)- Since b is 
assumed to be non-principal, G/Z{G) cannot be isomorphic to a simple group of type ^G2(g), and 
by Proposition 115.31 G/Z{G) cannot be isomorphic to a simple group of type '^Di{q). If G/Z{G) 
is isomorphic to one of the remaining exceptional simple groups F4(g), E^^q), ^Eg^q), E'j{q) or 
Es{q) then b is Morita equivalent to a block of a finite group L such that \L/Z{L)\ is smaller 
than |G/Z(G)|, by Propositions [T7t1 [TOl and respectively. Theorem O follows 

inductively. □ 

Remark 20.1. We do not know whether there are actually any blocks with an elementary abelian 
defect group of order 8 if G/Z{G) is of one of the exceptional types F or E. If not, one could avoid 
the rather tedious calculations from ^T6l onwards. 
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21. Appendix 



We provide a proof for a result announced by Rouquier in |71) . The notation is as in [501 
Appendix] . Let be a complete local commutative Noetherian ring having an algebraically closed 
residue field k of characteristic 2; we allow the case O = k. For A, B two symmetric O-algebras, 
a bounded complex X of A-B-bimodules which are projective as left >l-modules and as right B- 
modulcs is said to induce a stable equivalence if there are isomorphisms of complexes of bimodules 
X®bX* = A(SjY and X*®aX = B®Z with Y and Z homotopy equivalent to bounded complexes 
of projective A-A-bimodules and -B-i3-bimodules, respectively. If Y and Z are homotopic to zero 
then X is called a Rickard complex. 

Theorem 21.1 (cf. [Tl] Theorem 6.10]). Let G be a finite group, let b be a block of OG with 
an elementary abelian defect group of order 8, set H = Ng{P) and denote by c the block of OH 
satisfying BrAp(&) = BrAp(c). Let i e {OGb)'^^ and j e {OHc)^^ be source idempotents such 
that BrAp(i) — BrAp(j). There is a bounded complex of OGb-OHc-bimodules whose components 
are finite direct sums of summands of the bimodules OGi ®oQ jOH , with Q running over the 
subgroups of P , such that X induces a stable equivalence. 

Proof. The proof follows the lines of [Tl] 6.3]. For any subgroup Q of P denote by eg and fq the 
unique blocks of kCaiQ) and kCniQ), respectively, satisfying BrAQ(i)eQ ^ and BrAQ(j)/Q ^ 
0. Since P is abelian, the fusion systems on P determined by i and by j are equal to that of 
kN{P,ep)ep. Hence, for any subgroup Q of P, we have 

NG{Q,eQ)/CGiQ) = NHiQjQ)/CHiQ) 

and both sides have odd order (either 1 or 3 in case Q is a proper subgroup of P). The blocks 
eg, /q lift to unique blocks eg, fg of OCg{Q), OCh{Q), respectively. The images of eg, /q 
in OGg{Q)/Q, OCh{Q)IQ are blocks, denoted by eg, Jq, respectively. Suppose now that Q 
has order 2. Then eg, /g have the Klein four group P/Q as defect group, and Ch{Q)/Q is the 
normahser in Cg{Q)/Q of P/Q. Thus /g is in fact the Brauer correspondent of eg. By [24l 
Theorem 1.1], the source algebras of blocks with a Klein four defect group V4 are either OV4, or 
OA4, or OA560, where bo is the principal block of OA5. By [68l §3], there is an explicitly described 
two-term splendid Rickard complex between OA4 and 0^560. Thus there is a Rickard complex of 
0CG(Q)/Qeg-OC//(g)/g/g-bimodules Cq of the form 

Cq= Nq ^ eQCG{Q)IQfQ ■ • • 

for some (possibly zero) projective bimodule Nq. By |70j 10.2.11], this complex lifts to a Rickard 
complex of OCG(Q)eg-C'Cij (Q)/g-bimodules of the form 

Cq= Nq eQCG{Q)fQ • • ■ 

where Nq is a projective 0{Cg{Q) x_OCH((3))/AQ-module lifting Nq, inflated to 0{Cg{Q) x 
CniQ)), and where $g lifts the map $g. By adapting arguments of Marcu§ [55l 5.5] this complex 
extends to the group 

T = Ng>,h{AQ) n {Ng{Q, eg) x Nh{Q, /g)) 

and T contains Cg{Q) x Ch{Q) as normal subgroup of odd index at most 3 by the above remarks. 
One can see this also directly: the modules of the complex Cq are clearly T-stable, hence extend 
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to T (cf. [70, 10.2.13]), and the map $ hits to a T-stable map 4* because Nq remains projective 
when considered as OT/AQ-module. We set 

VQ=lnAp"{NQ) . 

The inclusion Cg{Q) C G induces an OT-homomorphism eQOCG{Q)fQ — > bOGc, which, by 
adjunction, yields a honiomorphism of 0{G x i?)-modules 

aq : Ind^^^(eQOCG(Q)/Q) ^ bOGc . 
Set ^pQ — aq o Ind^^^($Q) : Vq bOGc and define the complex X by 

©0*0 

X= ^0 ^®qVq ^bOGc ^0 

with bOGc in degree zero, where Q runs over a set of representatives of the iVG(P, ep)-conjugacy 
classes of subgroups of order 2 of P. One checks that if Q, R are two subgroups of order 2 which 
are not A'^g(P, ep)-conjugate then Vr(A(3) = {0}. This implies that eQX{AQ)fQ ~ Gq ®o and 
this is a Rickard complex of A;CG((5)eQ-Cfl'(Q)/Q-bimodules. Moreover, bOGc is a direct summand 
of OGi ®op jOH, and Vq is a direct sum of summands of OGi ®oQ jOH because it is obtained 
from lifting, infiating and inducing a projective bimodule. Thus another result of Rouquier (with 
a proof given in [50l Theorem A.l]) applies, showing that X induces a stable equivalence. □ 

Remark 21.2. We have used [24l Theorem 1.1] for the description of Rickard complexes for blocks 
with a Klein four group, which requires the classification of finite simple groups. One can avoid 
this by making use of another technique of Rickard, replacing one of the endo-permutation sources 
of a simple module by a p-permutation resolution (see e.g. |49l Theorem 1.3]). The only difference 
this makes is that the resulting complex may have more than two non-zero components. One can 
be more precise in Theorem 12 1.1 1 if E is either trivial or has order 7. If E is trivial, b is nilpotent, 
and its source algebra is of the form Endci(F) OP for some indecomposable endo-permutation 
OP- module V with P as vertex. Using again Theorem 1.1] we get that V = ilp(O) for some 
integer n. Equivalently, if E is trivial then OGb is Morita equivalent to OP via an OGb-OP- 
bimodule which, when viewed as 0{G x P)-module, has vertex AP = {{u,u) \ u G P} and source 
ri\p{0) for some integer n. By applying ^^^"gxP) ^ ^'^^ Sets a stable equivalence of Morita 
type given by a bimodule with vertex AP and trivial source. Similarly, if E is cyclic of order 7, 
then by a result of Puig [64] , there is a stable equivalence of Morita type between OGb and OP 
given by a bimodule with vertex AP and trivial source. 
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